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1. INTRODUCTION  

In recent years, the theory of fractional differential equations has played a very important role in a 

new branch of applied mathematics, which has been utilized for mathematical models in engineering, 

physics, chemistry, signal analysis, etc. There has been a tremendous development in the study of 
differential equations involving fractional derivatives (see [4, 12, 16], and the references therein). 

Recently, a study of Hilfer type of equation has received a significant amount of attention, we refer to 

[5, 6, 11, 12, 13, 20]. 

The Ulam stability of functional equation, which was invented by Ulam on a talk given to a 

conference at Wisconsin University in 1940, is one of the essential subjects in the mathematical 

analysis area. The finding of Ulam stability plays a pivotal role in regard to this subject. For extensive 

study on the advance of Ulam type stability, readers refer to [1, 9, 8] and the references therein. The 
credit of solving this problem partially goes to Hyers. To study Hyers-Ulam stability of fractional 

differential equations, different researchers presented their works with different methods, see [7, 18, 

19]. 

The aim of this paper is to study pantograph equation with nonlocal conditions involving Hilfer 

fractional derivative of the form 

 

where is the Hilfer fractional derivative, 0 < α < 1, 0 ≤ β ≤ 1, 0 < λ < 1 and let 

X be a Banach space, f : J × X × X × X → X is given continuous function. 

In passing, we remark that the application of nonlocal condition  in 

physical problems yields better effect than the initial condition  
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The pantograph equations have been studied extensively (see, [2, 14, 15] and references there in) 
since they can be used to describe many phenomena arising in number theory, dynamical systems, 

probability, quantum mechanics, and electro dynamics. Recently, fractional pantograph differential 

equations have been studied by many researchers. One of interesting subjects in this area, is the 
investigation of the existence of solutions by fixed point theorems, we refer to [2]. 

The pantograph type is one of the special types of delay differential equations, and growing attention 

is given to its analysis and numerical solution. Pantograph type always has the delay term fall after the 
initial value but before the desire approximation being calculated. When the delay term of pantograph 

type involved with the derivative(s), the equation is named as neutral delay differential equation of 

pantograph type. Recently, Vivek et. al.[17] investigated the existence and Ulam-Hyers stability 

results for pantograph differential equations with Hilfer fractional derivative. The novelty of this 
paper is that existence and stability results devoted to neutral pantograph equations with Hilfer 

fractional derivative. 

The outline of the paper is as follows. In Section 2, we give some basic definitions an results 
concerning the Hilfer fractional derivative. In Section 3, we present our main result by using 

Schaefer’s fixed point theorem. In section 4, we discuss stability analysis. 

2.  PRELIMINARIES 

In what follows we introduce definitions, notations, and preliminary facts which are used in the 

sequel. 

For more details, we refer to [5, 6, 12, 13, 20]. 

Definition 2.1. The left-sided Riemann-Liouville fractional integral of order α ∈ R+ of function f(t) 

is defined by 

 

where  (・) is the Gamma function. 

Definition 2.2. The left-sided Riemann-Liouville fractional derivative of order α ∈ [n − 1, n), n ∈ 

Z+ of function f(t) is defined by 

 

Definition 2.3. The left-sided Hilfer fractional derivative of order 0 < α < 1 and 0 ≤ β ≤ 1 of function 

f(t) is defined by 

 

 

The Hilfer fractional derivative is considered as an interpolator between the Riemann- Liouville and 

Caputo derivative, then the following remarks can be presented to show the relation with Caputo and 

Riemann-Liouville operators. 

Remark 2.4.  1. The operator  also can be written as 

 

2. Let β = 0, the left-sided Riemann-Liouville fractional derivative can be presented as  

 

3.Let β = 1, the left-sided Caputo fractional derivative can be presented as 
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Secondly, we need the following basic work spaces. Let C[J,X] be the Banach space of all continuous 
functions from [J,X] into X with the 

 

where Cγ [J, X] is the weighted space of the continuous functions f on the finite interval [0, T ]. 

Obviously, Cγ [J, X] is the Banach space with the norm 

 
Moreover, Cγ [J, X] := Cγ [J, X]. 

Lemma 2.5. If α > 0 and β > 0, there exist 

 

And 

 

Lemma 2.6. If α > 0, β > 0, and f ∈ L
1
(R

+
), for t ∈ [0, T ] there exist the following properties 

  

(I0
α

+ I0
β

+ f)(t) =(I0
α

+
+β

 f) (t) 

and 

(D0
α

+ I0
α

+ f ) (t) = f (t). 

 

In particular, if f ∈ Cγ [J, X] or f ∈ C[J, X], then these equalities hold at t ∈ [0, T ]. 

Lemma 2.7. Let 0 < α < 1, 0 ≤ γ < 1. If f ∈ Cγ [J, X] and I0
1
+

−α
f ∈ Cγ

1
[J, X], then 

 

Lemma 2.8. For 0 ≤ γ < 1 and f ∈ Cγ [J, X], then 

 

In order to solve our problem, the following spaces are given 

 

and 

 

It is obvious that 

 

Lemma 2.9. Let α > 0, β > 0, and γ = α + β − αβ. If f ∈ C1
γ
−γ [J, X], then 

I0
γ
+ D0

γ
+ f = I0

α
+ D0

α,β
+ f, D0

γ
+ I0

α
+ f = D0

β
+

(1−α)
f (t). 

Lemma 2.10. Let f ∈ L
1
(R+) and D0

β
+

(1−α)
f ∈ L

1
(R+) existed, then 
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D0
α,β

+ I0
α

+ f = I0
β

+
(1−α)

D0
β

+
(1−α)

f. 

Lemma 2.11. [5] Let f : J × X → X be a function such that f ∈ C1−γ [J, X] for any x∈ C1−γ [J, X]. A 

function x ∈ C1
γ
−γ [J, X] is a solution of fractional initial value problem: 

 

if and only if x satisfies the following Volterra integral equation: 

 

Lemma 2.12. Let 0 < α < 1, 0 ≤ β ≤ 1 and γ = α + β − αβ. If f ∈ C1−γ [J, X] and I0
1
+

−β(1−α)
f in C1

1
−γ [J, 

X], then I0
α

+ D0
α,β

+ f exists in J and 

I0
α

+ D0
α,β

+ f (t) = f (t). 

Proof. By Lemma 2.9, we have 

I0
α

+ D0
α,β

+ f (t) = I0
γ

+ D0
γ

+ f (t), 

and applying Lemma 2.8 and Lemma 2.7 

 

Finally, we get 

I0
α

+ D0
α,β

+ f (t) = f (t). 

Lemma 2.13. [3] Let v : [0, T ] → [0, ∞) be a real function and w(·) is a nonnegative, locally 

integrable function on [0, T ] and there are constants a > 0 and 0 < α < 1 such that 

 

Then there exists a constant K = K(α) such that 

 

for every t ∈ [0, T ]. 

According to Lemma 2.11, a new and important equivalent mixed type integral equation for our 

system (1) can be established. We adopt some ideas in [20] to establish an equivalent mixed type 
integral equation: 

 

Where 

 

Lemma 2.14. Let f : J × X × X × X → X be a function such that f ∈ C1−γ [J, X] for any x ∈ C1−γ[J, X]. 

A function x ∈ C1
γ
−γ [J, X] is a solution of the system (1) if and only if x satisfies the mixed type 

integral (2). 

Proof. According to Lemma 2.11, a solution of system (1) can be expressed by 
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Next, we substitute t = τi into the above equation, 

 

by multiplying ci to both sides of (6), we can write  

 

Thus we have 

 

which implies 

 

Submitting (7) to (5), we derive that (2). It is probative that x is also a solution of the integral equation 
(2), when x is a solution of (1). 

The necessity has been already proved. Next, we are ready to prove its sufficiency. Applying I0
1
+

−γ
 to 

both sides of (2), we have 

 

using the Lemmas 2.5 and 2.6, 

 

Since 1 − γ < 1 − β(1 − α), Lemma 2.8 can be used when taking the limits as t → 0, 

 

Substituting t = τi into (2), we have 

 

Then, we derive 

 

that is 

 

It follows (8) and (9) that 
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Now by applying D0
γ
+ to both sides of (2), it follows from Lemma 2.5 and 2.9 that 

 

Since x ∈ C1
γ
−γ [J, X] and by the definition of C1

γ
−γ [J, X], we have D0

γ
+ x ∈ C1−γ [J, X], then, D0

β
+

(1−α)
f 

= DI0
1
+

−β(1−α)
f ∈ C1−γ [J, X]. For f ∈ C1−γ [J, X], it is obivious that I0

1
+

−β(1−α)
f ∈ C1−γ [J, X], then 

I0
1

+
−β(1−α)

f ∈ C1
1
−γ [J, X]. Thus f and I0

1
+

−β(1−α)
f satisfy the conditions of Lemma 2.7. 

Next, by applying I0
β

+
(1−α)

 to both sides of (10) and using Lemma 2.7, we can obtain 

 

where I0
β

+
(1−α)

Kx(0) = 0 is implied by Lemma 2.8. 

Hence, it reduces to D0
α,β

+ x(t) = Kx(t) = f (t, x(t), x(λt), D0
α,β

+ x(λt)). The results are proved 
completely. 

3. EXISTENCE RESULTS 

First we list the following hypothesis: 

(H1) The function f : J × X × X × X → X is continuous. 

(H2) There exist l, p, q, r ∈ C1−γ [J, X] with l∗ = supt∈J l(t) < 1 such that 

|f (t, u, v, w)| ≤ l(t) + p(t) |u| + q(t) |v| + r(t) |w| 

for t ∈ J, u, v, w ∈ X. 

Theorem 3.1. Assume the hypothesis (H1) and (H2) are satisfied. Then, the system (1) has at least 

one solution in C1
γ
−γ [J, X] ⊂ C1

α,β
−γ [J, X]. 

Proof. The proof will be given in several steps. 

Consider the operator N : C1−γ [J, X] → C1−γ [J, X]. 

 

It is obvious that the operator N is well defined. 

Claim 1: N is continuous. 

Let xn be a sequence such that xn → x in C1−γ [J, X]. Then for each t ∈ J, 

 

where we use the formula 

 

since f is continuous, then we have 

 

Claim 2: N maps bounded sets into bounded sets in C1−γ [J, X]. Indeed, it is enough to show that for q 

> 0, there exists a positive constant l such that 
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and 

 

Where 

 

From (12), we have 

 

Claim 3: N maps bounded sets into equicontinuous set of C1−γ [J, X]. 

Let t1, t2  ∈ J, t2  ≤ t1  and x ∈ Bq.  Using the fact f is bounded on the compact set 

 

As t1 → t2, the right hand side of the above inequality tends to zero. As a consequence of claim 1 to 3, 
together with Arzela-Ascoli theorem, we can conclude that N : C1−γ [J, X] → C1−γ [J, X] is continuous 

and completely continuous. Claim 4: A priori bounds. 

Now it remains to show that the set 

 

is bounded set. 

Let x ∈ ω, x = δN (x) for some 0 < δ < 1. Thus for each t ∈ J. We have 

 

This implies by (H2)that for each t ∈ J, we have 

 

This shows that the set ω is bounded. As a consequence of Schaefer’s fixed point theorem, we deduce 

that N has a fixed point which is a solution of problem (1).  
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4. STABILITY ANALYSIS 

Next, we shall give the definitions and the criteria of Ulam-Hyers stability and Ulam-Hyers-Rassias 

stability for nonlinear neutral pantograph equations under Hilfer fractional derivative. We use some 

ideas from [10]. 

Definition 4.1. The equation (1) is Ulam-Hyers stable if there exists a real number Cf > 0 such that for 

each  ∈ > 0 and for each solution z ∈ C1
γ
−γ [J, X] of the inequality 

 

there exists a solution x ∈ C1
γ
−γ [J, X] of equation (1) with 

 

Definition 4.2. The equation (1) is generalized Ulam-Hyers stable if there exists ψf ∈ C1−γ [J, X], ψ(0) 

= 0 such that for each solution z ∈ C1
γ
−γ [J, X] of the inequality 

 

there exists a solution x ∈ C1
γ
−γ [J, X] of equation (1) with 

 

Definition 4.3. The equation (1) is Ulam-Hyers-Rassias stable with respect to ϕ ∈ C1−γ [J, X] if there 

exists a real number Cf > 0 such that for each ǫ > 0 and for each solution z∈ C1
γ
−γ [J, X] of the 

inequality 

 

 

Remark 4.5. A function z ∈ C1
γ
−γ [J, X] is a solution of the inequality 

 

if and only if there exist a function g ∈ C1
γ
−γ [J, X] such that 

 

Lemma 4.6. If a function z ∈ C1
γ
−γ [J, X] is a solution of the inequality 

 

Proof. The proof directly follows from Remark 4.5 and Lemma 2.14 

Remark 4.7.   1. Definition 4.1⇒ Definition 4.2. 

                                        2. Definition 4.3⇒ Definition 4.4. 

We ready to prove our stability results for problem (1). The arguments are based on the Banach 

contraction principle. First we list the following hypothesis: 
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Theorem 4.8.  Assume that hypothesis (H1) and (H3) are fulfilled. If 

 

then the system (1) has a unique solution. 

 

By Lemma 2.14, it is clear that the fixed points of N are solutions of system (1). 

Let x1, x2 ∈ C1−γ [J, X] and t ∈ J, then we have 

 

And 

 

By replacing (16) in the inequality (15), we get 

 

From (14), it follows that N has a unique fixed point which is solution of system (1). 

Theorem 4.9. If the hypothesis (H3) and (14) are satisfied, then the system (1) is Ulam-Hyers stable 

 

and let x ∈ C1
γ
−γ [J, X] be the unique solution of the following nonlinear neutral pantograph system 

 

where 0 < α < 1, 0 ≤ β ≤ 1, and 0 < λ < 1. 
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Using Lemma 2.14, we obtain 

 

 

Thus, 

Ax = Az. 

Then, we have 

 

By integration of the inequality (17) and applying Lemma 4.6, we obtain 

 

We have for any t ∈ J 

 

By using (18), we have 

 

and to apply Lemma 2.13, we obtain 

 

Where ν = ν(α) is a constant, which completes the proof of the theorem. Moreover, if we set ψ(ǫ) =  

Cf∈; ψ(0) = 0, then the system (1) is generalized Ulam-Hyers stable. 

Theorem 4.10. Assume that (H3),(H4) and (14) are fulfilled, then the system (1) is Ulam-Hyers-

Rassias stable. 

Proof. Let ∈  > 0 and let z ∈ C1
γ
−γ [J, X] be a function which satisfies the inequality: 

 

and let x ∈ C1
γ
−γ [J, X] be the unique solution of the following nonlinear neutral pantograph system 

where 0 < α < 1,0 ≤ β ≤ 1, and 0 < λ < 1. 
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Using Lemma 2.14, we obtain 

 

Where 

 

 

By integration of (19) and applying Lemma 4.6, we obtain 

 
On the other hand, we have

 

By using (18), we have 

 

and to apply Lemma 2.13, we obtain 

 

where ν1 = ν1(α) is constant, then for any t ∈ J: 

 

 

which completes the proof of the theorem. 

5. EXAMPLE 

Example 5.1. Consider the following Hilfer type nonlinear neutral pantograph problem 

 

 

Clearly, the function f satisfies the conditions of Theorem 3.1. 

 

Hence the condition (H3) is satisfied with 

Thus condition from (14) 

 

where |Z| = 0.8959. 

It follows from Theorem 4.8 that the problem (20) has a unique solution. Moreover, Theorem 4.10 

implies that the problem (20) is Ulam-Hyers stable. 

6. CONCLUSION 

In this paper, we discussed existence, uniqueness and stability of Hilfer type neutral pantograph 

diff erential equations with nonlocal conditions. The main results is verified by a simulation example. 
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