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Abstract: The present paper deals with the common fixed point theorem for occasionally weak compatible
mappings in Quasi-gauge space. Moreover, we improve and generalize the results of Rao et. al. [8, 9]. An
illustrative example is also given.
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1. INTRODUCTION

In the year 1973, Reilly [10] was the first to introduce the concept of Quasi-gauge space. Afterwards,
Antony et. al. [3] gave a generalization of a common fixed point theorem of Fisher [5] for Quasi-
gauge spaces. Pathak et. al. [7] proved fixed point theorems for compatible mappings of type (P). Rao
and Murthy [8] extended results on common fixed points of self maps by replacing the domain
“complete metric space” with “Quasi-gauge space”. But in both theorems continuity of any mapping
was the necessary condition for the existence of the fixed point. Afterwards Rao et. al. [9] extended
the results of Rao and Murthy [8] under weaker conditions. Jain et. al. [4] improve the results of Rao
et.al. [8] and showed that the continuity of any mapping for the existence of the fixed point is not
required. In this paper, we introduce the concept of occasionally weakly mappings in Quasi-Gauge
space after motivated by the result of Al-Thagafi and Shahzad [1].

2. PRELIMINARIES

Definition 1.1. [10] A Quasi-pseudo-metric on a set X is a non-negative real valued function p on
XxX such that

(i) p(x,x)=0forall x e X.

(ii) p(x, 2) < p(x,y) +p(y, ) forall x,y,z € X.

Definition 1.2. [10] A Quasi-gauge structure for a topological space (X,T) is a family P of quasi-
pseudo-metrics on X such that T has as a sub-base the family

{B(x,p,e):xeX,peP,e>0}

where B(X, p, €) is the set {y € X: p(x, ¥) < €}. If a topological space has a Quasi-gauge structure, it is
called a Quasi-gauge space.

Definition 1.3. [10] A sequence {x,} in a Quasi-gauge space (X,P) is said to be P-Cauchy, if for each
e>0and p € P there is an integer k such that p(Xm, X») < € for all m, n > k.

Definition 1.4. [10] A Quasi-gauge space (X, P) is sequentially complete if and only if every
P-Cauchy sequence in X is convergent in X.

We now propose the following characterization. Let (X,P) be a Quasi-gauge space. X is a T, space if
and only if p(x,y) = p(y, x) =0 for all pin P implies x = .
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Antony [2] introduced the concept of weak compatibility for a pair of mappings on Quasi-
gauge Space.

Definition 1.5. [2] Let (X, P) be a Quasi-gauge space. The self maps f and g are said to be (f,g) weak
compatible if lim gfx, = fz for some z € X whenever X, is sequence in X such that lim fx, =

n—oo n—o

limgx,=z and lim fgx,= lim ffx,=fz.

n—oo n—oo n—oo
fand g are said to be weak compatible to each other if (f,g) and (g,f) are weak compatible.

Definition 1.6. [9] Let (X, P) be a Quasi-gauge space. The self maps A and S are said to be weakly
compatible if and only if they commute at their coincidence points, i.e. if Ap = Sp for some
p € X then ASp = SAp.

This is weaker than the previous one (see example 1.7 [9]).

Motivated by Al-Thagafi and Shahzad [1], who introduced the concept of occasionally
weakly compatible maps, we introduce the concept of occasionally weakly compatible maps in
Qausi-gauge space as follows :

Definition 1.7. Let (X, P) be a Quasi-gauge space. The self maps A and S are said to be occasionally
weakly compatible (owc) if and only if there is a point x in X which is a coincidence point of A
and S at which A and S both commute.

The following is an example of pair of self maps in a Quasi-gauge space
(X, P) which are occasionally weakly compatible but not weakly compatible.

Example 1.1. Let (X, P) be Quasi-gauge space, where X = [0, 4] with the usual metric d. Define self
maps A and S by Ax = 4x and Sx = x? for all x € X then Ax = Sx for x = 0 and 4. But AS(0) = SA(0)
and AS(4) = SA(4).

Thus, A and S are occasionally weakly compatible but not weakly compatible.

From the above example it is obvious that the concept of occasionally weak compatibility is
more general than that of weak compatibility.

The following is useful in establishing our result.

Lemma 1.1. [6] Suppose that vy : [0, ) — [0, ) is non-decreasing and upper semi-continuous from
the right. If y(t) <t for every t > 0, then lim y"(t) = 0.

Now, we establish a common fixed point theorem for four self maps which generalizes the
results of Rao et. al. [8, 9].

3. MAIN RESULT

Theorem 2.1. Let J, K, L and M be self maps on a left (right) sequentially complete Quasi-Gauge T,
space (X, P) such that

(21) (@, L)and (K, M) are occasionally weakly compatible pair of mappings;
(2.2) M(X)<JIX) and L(X) c K(X);
(2.3)  max{p*(Lx, My), p*(My, LX)}
< ¢{p(Ix,LX)p(Ky,My), p(Ix,My)p(Ky, LX), p(Ix,Lx)p(Ix,My),
P(Ky,Lx)p(Ky,My), p(Ky, LX)p(Ix, LX), p(Ky,My)p(Ix, My)}
for all x, y € X and for all p in P, where ¢ : [0, ©)° — (0, + o) satisfies the following:
(2.4) ¢ is non-decreasing and upper semi-continuous in each coordinate variable and for each t >0 :
w(t) = max {¢(t, 0, 2t, 0, O, 2t), &(t, O, O, 2t, 2t, 0), 6(0, t, 0, 0, 0,0),
$(0,0,0,0,0,t), $0,0,0,0,t,0)} <t.
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ThenJ, K, L and M have a unique common fixed point.

Proof. Let X, be an arbitrary point in X. Since (2.1) holds we can choose X;, X, in X such that Kx; =
LXo and Jx, = MX;.

In general we can choose Xan.1 and Xan+p in X such that
(2.5) Yon = KXoner = LXon @Nd Yone1r = IXonso= MXoper; n=0,1,2, ... .
We denote dy= p(Yn,Yn+1) @and €,= p(Yn+1,Yn ); NOW applying (2.3) we get
max{d®n+2, €%2ns2}
= max{p3(LXzn+2, MXzn+3), P2(MXons3, LXon+2)}
< O{p(IXant2, LXons2) P(KXane3, MXanes), P(IXan+2, MXonss)P(KXzn+3, LX2n42),
P(IX2n+1, LX2ne2)P(IX2ns2, MXans1), P(KXane1, LXons2) P(KXans2, MXans3,),
P(KXan+3, LXon+2,) P(IX2ns2, LXon+1), P(KX2n+3, MXons3) P(IXane2, MXan+3)}
= O{p(Yan+1,Y2n+2) P(Yans2:Y2n+3)s P(Yan+1,Y2n+3)P(Yzn2:Yan+2),
P(Yan+1,Y2n+2) P(Y2ne1,Y2n43), P(Yane2sYane2) P(Yane2,Y2n+3),
P(Yan+2Yam2)P(Yans1,Yanv2)s P(Yane2,Y2n+a)P(Yans1,Yonsa) }
(2.6) < ¢{dan+202n+2,0, onsa(dansa + d2ns2), 0, 0, onsa( danert dansz) }-
If dpep > dopeq then
(2.7 max{d?y2, €22} < O{ 029042,0, 20251.2,0,0,20%).2} < A2z,
by (2.4) a contradiction; hence dan.2< dan+1. Similarly, we get
(2.8) Oan+1< dan.
By (2.6) and (2.7)
max{d%n+2, €%n+2,} < Of d%n+1,0, 2022441,0,0, 202041}
(2.9) < Y(d%ne1) = W{PA(Yane1,Yone2) }-
Similarly, we get
Max{02n1, €2%n41} < ¢{d%n, 0, 0, 202, 2d?%,, 0}.
< y{p*(yznYans1)}-
So
(210)  d% = p*(YnYned)S y{PA(YrrnYn)} < - .. <y {pA(yny2)}
and
(211) €% =PV Yn) < W{PP(YnnY )} < . Sy H{pHy 1Y2)}-
Hence by Lemma 1.1 and from (2.10) and (2.11), we obtain
(2.12) lim d,= lim e ,=0.

n—o0 nN—o0
Now we prove {y,} is a P-Cauchy sequence. To show this, it is sufficient to show that {y,.} is P-
Cauchy.  Suppose {y»} is not a P-Cauchy sequence then there exists an
€ > 0 such that for each positive integer 2k there exist positive integers 2m(k) and 2n(k) such that for
some pinP,

(2.13) PCY 2ng)Yomey) > € for 2m(k) > 2n(k) > 2k
and
(214) p(y 2m(k)ay2n(k)) >¢ for 2m(k) > 21’1(1() > 2k
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for each positive even integer 2k, let 2m(k) be the least positive even integer exceeding 2n(k) and
satisfying (2.13); hence p(Yan(),Y2mu-2) < € then for each even integer 2Kk,

& < p(Yn(K),Y2m(K))
(2.15) < p(YankyYomm-2)+ (domgo-2 + dampe-1)-
From (2.12) and (2.15), we obtain lim p(Yanw),Y2m@) = &

By the triangle inequality
P(Yango:Yam(g) < P(Yan(kyr Yameo-1)+ damgg-s
P(Y2n(k)r Yamiio-1) < P(YangY2m()+ €2mo-1-
So
(2.16)  [p(Yank):Yamik) = P(YanyYomo-1)] < max{damky-1, €2mk-1}-
Similarly by triangle inequality
(2.17) [P(Y2ngo+1:Y2m@-1) = P(Yangr Yami)| < max {€2nayt €2m-1» Aant dameig-1}-

From (2.16) and (2.17) as k—oo, {p(y2n(K)vy2m(k)—l)} and p(yZn(k)+1ay2m(k)—1)} converge to €. Similarly if
P(Yam(o: Yan) > &,

M p(Yam@Yan) = 1M PYam)-1 Yango+1)
n—o0 N—o

= r!im P(Yam(k-1:Y2nk) = € as k—oo.
—o

By (2.3),
& < p(Yantr Yam()

< p(Yan(ky Yan@y+r) + P(Yan@y+1r Yamk)

dangy + Max{pP(Yango+1, Yamo): PYans Yany+1)}

= Uangy + Max{p(MXan+1, LXamg)s P(LX2m(kyy MXongy+1)}

< dangy + [HLP(Y2m@o-1: Yam)P(Yan:Yany+1):
P(Yam@)-1:Y2nky+1) PYan:Y2mk)s P(Yam-1:Y2mm) PYam(-1:Y2nky+1):
P(Yan(k)Y2m() P(Yanm)Yanky+1)s P(YanysYamiky) P(Yam@-1,Y2m),
P(an(k),Y2n(k)+1) p(YZm(k)—layZn(k)ﬂ)}]1/2-

Since ¢ is upper semi-continuous, as k—oo we get that € < { #(0, €2, 0, 0, 0, 0)}*? < ¢, which is a
contradiction. Therefore {y,} is P-Cauchy sequence in X. Since X is complete there exists a point z in
X such that lim y,=z.

A

AN

n—o0
lim Jx;p= lim Mxpn1=2
n—oo n—oo
and lim KXope= lim LXpno= 2.
Nn—oo Nn—oo

Since L(X) € K(X), there exist a point ue X such that z = Ku. Then using (2.3),
max{p?(Lxz, , Mu), pA(Mu, Lxz,)}
< &{p(IXan, LX2n)p(Ku, Mu), p(IXzn, Mu)p(Ku, LXy,),
P(IXan, LX2n) P(IX2n, MU), p(Ku, LXzn) p(Ku, Mu),
p(Ku, LXzn) P(IXan, LX2q), pP(Ku, Mu) p(IXzn, Mu)}.

Taking limit as n—o0,
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max{p3(z, Mu), p3(Mu,z)}
< ¢{p(z,2)p(z, Mu), p(z, Mu)p(z,2), p(z,:2)P(z, Mu),
P(z,2) p(z, Mu), p(z,2) p(z,2), p(z, Mu) p(z, Mu)}
< ${0, 0,0, 0, 0, p(z, Mu) p(z, Mu)},
< p(z, Mu) p(z, Mu)
a contradiction. Thus Mu = z. Therefore Mu = z = Ku.
Similarly, since M(X) < J(X), there exist a point v € X, such that z = Jv.
Then using (2.3),
max{p3(Lv, MXzn+1), P2(MXzns1, LV)}
< ofpQv, LV)p(KXzn+1, MXani1), PV, MXani1)p(KXzne1, LV),
PV, Lv) p(dv, Mxzn41), P(KXan+1,LV) P(KXzns1, MXan41),
P(KXan+1, LV) pv, LV), p(KXan+1, MXone1) PV, MXon:1)
Taking limit as n—oo,
max{p*(Lv, 2), pX(z, Lv)}
< ¢{p(z, Lv) p(z, 2), p(z, 2) p(z, LV), p(z, LV) p(z, 2), p(z, LV) p(z.2),
p(z, Lv) p(z, Lv), p(z, 2) p(z, 2)}
¢{0, 0,0, 0, p(z, Lv) p(z, Lv), 0}
p(z, Lv) p(z, Lv)
a contradiction. Thus z = Lv. Therefore z = Lv = Jv.

IN

N

Hence,z=Ku=Mu=Jv=Lv.
Since the pair of mappings K and M are occasionally weakly compatible, then KMu = MKu.
i.e. Kz = Mz. Now we show that z is a fixed point of M.
If Mz # z, then by (2.3)
max{p?(Lxz, , Mz), p3(Mz, Lx2,)}
< O{p(IXan, LX2n)p(Kz, M2z), p(IX2n, MZ)p(KZ, LX,p),
P(IX2n, LXon)p(IXan, M2), p(Kz, LX2)p(Kz, M2),
pP(Kz, LXzn) p(IXan, LX2n), P(KZ, MZ) p(IX2n, M2)}.
Taking limit as n—oo,
max{p%(z, Mz), pA(Mz, z)}
< ¢{p(z, 2) p(Kz, M2), p(z, M2) p(Kz, 2), p(z, 2) p(z, M2), p(Kz, 2) p(Kz, M2),
P(Kz, 2) p(z.2), p(Kz, M2) p(z, M2)}
< ¢{0,0,0,0,0, p(z, Mz) p(z, Mz)},
< p(z, M2z) p(z, M2)
a contradiction. Thus Mz = z. Therefore Mz = z = Kz.
Similarly we prove that Lz = z = Jz.

Hence Jz = Kz = Lz = Mz = z; thus z is a common fixed point of J, K, L and M. Uniqueness follows
trivially. Therefore z is a unique common fixed point of J, K, L and M.
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4. CONCLUSION

Concept of occasionally weakly compatible mappings introduced by Al-Thagafi et. al. [1] is more
general than the concept of weakly compatible mappings. It is however, worth to mention here that if
we take weak compatibility aspect instead of the occasionally weak compatibility, we can get the
results of Rao et. al. [8, 9]. Aforesaid results illustrate our assertion in the Quasi-gauge space theory.
This is, however also true for the study of fixed points in metric space.
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