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Abstract: In this Paper, we prove an existence and attractivity result for Volterra type nonlinear perturbed
random integral equations in separable Banach space under mixed generalized compactness, contraction and
caratheodory conditions.
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1. INTRODUCTION

The coefficients or parameters that have an important role in the natural processes are called random
parameters. Hence when we talk about some parameters or coefficients, the random analysis of the
random equations is evident. Therefore the random equations have been studied in the literature, since
long time, by various Mathematicians all over the world. Thus the study of a natural or physical
phenomenon with the help of random models or equations forms an important branch of the analysis.
Random fixed point theorems are the stochastic generalizations of the classical or deterministic fixed
point theorems in abstract spaces and are useful in the study of nonlinear random equations for
proving the existence theorems [5,6,7,9,10]. In this paper we study the existence of locally attractive
solution for Volterra type nonlinear perturbed random integral equations in separable Banach space
employing random versions of the Krasnoselskii fixed point theorem of Krasnoselskii and B. C.
Dhage in the form of Schaefer fixed point theory.

Let ® denotes the real numbers and FE:be a set of nonnegative real numbers, that is

H. = (0,==) = Rand let X is a separable Banach space with the norm [[.||.
Now consider the nonlinear Volterra type perturbed random integral equation of the type

xlt, w) = hit, x(t, w)) + I,; i(t, 7, w)f (1,x(z, w))dr (1.1)
foreveryt = 0,

where the random perturbed term .FzI:rJ x(f, m}] is a mapping from R+ = R — R. w is the point of
and x{t, @) is an unknown random variable for eacht = 0. The kernel k{t,7, @) is a mapping from
B. xH.x0— R and is defined for 0 =1 =1t = andw £, the kernel Kk{f,7,w) is an
essentially bounded function with respect to measure 1 for every t & tsuchthat0 =t =t = == The
function fit,x(r, w)) is a mapping from E. = R — R fort = 0. i.e. the function f is an scalar

valued function for T = Q.

The measurable function x : 0 — C{ R+, R ) is said to be the random solution of equation (1.1) if for
every t € R, it satisfy the nonlinear Volterra type perturbed random integral equation {1.1). where
the space C (®+,R) denotes the space of all continuous real valued functions on E-.
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2. PRELIMINARIES

In this section, we present here some notations, definitions and preliminary facts that will be used in
the proofs of our main results.

Definition 2.1 A mapping T : @ =X — X s called a random operator, if T(c, x) is measurable for
each x £ X and this random operator is generally denoted as T(c)x and it expressed as T()x =

T(e, x).

Definition 2.2 A random variable n : @ — X is called a random fixed point of a random operator
Tiw): 0x X=X, if T{win{w) = n{w) foreveryw € Q.

Definition 2.3 A random operator T{w) : © x X — X is called a totally bounded, if for any bounded
set D in X, T{w)(D] is totally bounded subset of X for every w £ 0.

Definition 2.4 A random operator T{w) is called a completely continuous on Banach space X, if it is
totally bounded and continuous random operator on X.

Definition 2.5 An random operator T{w) : 0 x X — X is called compact random operator, if T{w){X)
is compact subset of X where T{w](X) is the closure of T{w){X) in X.

Definition 2.6 A random operator T{w) : 0 x X — X js called a © — Lipschitzician, if there exist a
nondecreasing continuous function ¢ : 12 x K. — H. such that for every w £ 11

IT(w)x — T(e)yll < @, (lx— yII) (2.1)

for all x, y €X, where @,(r)=wolwr) with @lw 0)=0. Here the some special case
@, (r)=alwlr, for alw) = 0 for every w €17 then the random operator T{w) is called a
Lipschtzician with Lipschitz constant @{w), for e € 2 . In particular for each € 2 |, alw) < 1 then
random operator T{) is known as a contraction with contraction constant c{w). and if @, (r) < r,
for r = 0 and for every w £ 11 then T{w) is known as a nonlinear contraction.

Definition 2.7 (Dugundji and Granas[8]):An operator A on a Banach space X into itself is called

Compact, if for any bounded subset S of X, A(S) is a relatively compact subset of X. If A is
continuous and compact, then it is called completely continuous on X.

Theorem 2.1 (Arzela-Ascoli theorem): If every uniformly bounded and equi-continuous sequence
{f.} of functions in C (R+,R), then it has a convergent subsequence.

Theorem 2.2 (Dominated convergence theorem) Let {f.} be a sequence of increasing nonnegative
measurable functions on a measurable subset M of &, if for allx € M, |f,(x)| = h{x) for some
measurable function 2 with lim,, ... f;,{x) = f(x) for almost every x € M, then

lim Jf_,,!d_u = J limf,dy = J fdu

===

0 0 AR

Theorem 2.3 (Monotone convergence theorem):Let {f.} be a sequence of increasing nonnegative
measurable functions withlim,,_... f;, {x) = f{x), then the function f is a measurable function and

J limf,du = J fdu
Mo M

Now we shall seek the existence of the solution to the nonlinear Volterra type random integral
equation of the type in the space BM (E+,R) be the space of all bounded and measurable real valued

functions on Ex with the norm is defined as

lxll52s = fﬂg{lxi:ﬂl
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under some suitable conditions.

Let X = BM (E+,E) be the space of all bounded and measurable real valued functions on E. and 0
be a nonempty subset of X. Let @ : {2 x X — X be a mapping and consider the following random
equation

F-a
]
et

lwlx(t) = x(t, w) (2.
for t=0,and w £ 01,
Below we give different characterizations of the solutions for operator equation {2.2) on R, we need
the following definitions.

Definition 2.8: B. C. Dhage [1] The random equation {2.2) has said to be have locally attractive

random solution on R, if there exists a closed ball %8, {x;) in the space CE{RE.,K) for some
x; € CB(R+,R) and for any real number » = 0 such that for any random solution x (%, w) and v{t, w)
of the random equation {2.2) belonging to B,.(x;) N C, we have

.-‘1'111_,!_.1[1'::1", w) — vt m}) =0 (2.3)

for every w € 1. Here in this case when the limit of equation (2.3) is uniform with respect to the set

B, (xy)N C.i.e. every £ = 0 then there exists a T == 0 such that for every t = T,

|x(t, w) —y(t,w)| =€ (2.4)
for every w £ 0 and x, v € B,.{x,) N C being the random solution of equation {2.2), then we will
say that the random solution is uniformly locally attractive on E..

Concepts of the locally attractivity of solutions were introduced in [1, 6, and 7].

Now we give random versions of the Krasnoselskii fixed point theorem Krasnoselskii [9] and B. C.
Dhage [4] in the form of Schaefer fixed point theory [2] which is the main tool in the existence
theorem of solutions to the nonlinear Volterra type perturbed random integral equation (1.1).

Theorem 2.4: B. C. Dhage [2] Let X be a separable Banach space, T{w),5{w) : X =X be two
random operators satisfying for every w £ [,

i) S(w) is nonlinear contraction,
ii) T{w) is completely continuous,
iii) The set 1 = {x € X/5{w)x + T{w)x = a{w)x} is bounded, for any measurable function
o 0= BT with afw) > 1.
Then the random equation S{e)x + T{ew)x = x has a random solution.
An interesting corollary to Theorem (2.4) in its applicable form is

Corollary 2.1: B. C. Dhage [2] Let X be a separable Banach space and let T,5 : { x X = X be two
random operators satisfying for every w £ [,

i) S{w) is contraction,
i) Tlw) is completely continuous,

iii) The set n={x € X/S{w)x + T{wlx = a{w)x} is bounded, for any measurable function
c: 0= BT with alw) =1, then the random equation S{ew)x + T{w)x =x has a random
solution.
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3. EXISTENCE RESULT

Let ® be the real line and let 5 (R:,R) and M (R:,R) denotes the space of all bounded and
measurable real valued functions on R+ respectively, and the space EM (E-, ) of all bounded and
measurable real valued functions on K. with the norm is defined as

lxllgas = '{-‘igﬂxftﬂ
Then clearly, the space BM (E.,R) is Banach space with respect to this maximum norm defined
above and also the space BM (R.,R) is a separable Banach space with respect to this maximum

norm defined above. € {R., R} denotes the space of all continuous real valued functions on R and
we get the relation between them as C{RE.,R) € BEM (R.,R) = M (K., R). (B. C. Dhage [2])

We define the norm in € (R, R) which is denoted by [|x||. and defined as,
llxl; = suplx(t)| fort € R..

The space L*{HE., &) denotes the space of all Lebesgue integral real valued function on R with
respective to the ||. |[,: defined by

[|x]] ;2 = |x(5)|ds
L =)

We need some following definitions,

Definition 3.1: A function 5 : . x R x 1 — His said to be random caratheodory function, if
i) Themap t — G(£, x) is jointly measurable for all x € E.
ii) x — Gt x) is continuous for almost every t € K-

Definition 3.2: B. C. Dhage [2] A random Caratheodory function & : E. x K x {1 — K is said to be
random L* —caratheodory function, if

i) For each real number r > 0, there is measurable and bounded function g,. £ L*{E.,R) such
that | 5(t, x(t, w))| = g, (f,w) forall t € R: and x € Rwith |x| = .

Now we consider the following some hypothesis,

(Hy) The function h : B+ x & — & is measurable,

(H; ) The function & : R« x R x 2 — R are continuous and bounded with bound K (x2),
(H, ) The function w — f{t, x(f, w)) is measurable for all ¢ € R,

(H3) The function & : B. xR — R — {0} is a continuous function and there exist a bounded function
i+ Be —= R. such that

|n(t x(t,w)) — h(t. ()| = a(t)|x(t, @) — v(t w)|
forall t € R, with |alt)| < 1and lim... hit,w) = 0,limalt) =0,
t—¥om
(H,) The function f : B+ x R — R is an random L* —caratheodory function,

(HzJThe uniform continuous function v : F. — R defined by the formulas ©(t, w) = ,I',;q_,. (T, w)dT
is bounded with bound ||g..||,:0n ®- and vanish at infinity, that is, [im ... v{f,w) =0,

Remark 3.1: Note that, if the hypothesis {Hs) — (Hz) hold, then there exist constant Ky = 0 such
that Ky = sup {K{w)v(t,w)\t € B and w £ 2},
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Theorem 3.1: Suppose that the hypothesis {Hy) to (Hz) holds, further if there exist a real number
=0 such that ||h,|+ |K{w)|llg,|l;+ =+, then the nonlinear Volterra type perturbed random
integral equation (1.1) has solution. And moreover, random solutions are locally attractive on K.

Proof: Let X = BM{ E+,R) be a separable Banach space. Now we define the two operators A and B
on X, by

Alw)x(t) = h |:t, x(t, m:lj (3.1)

Blw)x(t) = [, kit,1, ) f (7, x(r,w))dr (3.2)

Then the nonlinear Volterra type random perturbed integral equation (1.1) is equivalent to the
operator equation
Alw)x(t) + Blw)x(t) = x(t, w) (3.3)
for all £ € K., hence the problem of the existence of solution to the nonlinear Volterra type random
perturbed integral equation (1.1} is to just reduced to the finding the solution to the operator equation
Alw)x(t) + Blw)x(t) = x(t,w) in X.

Step |: First, we show that A{¢) and B{ew) are random operators on X.

Since by the hypothesis (Hy), (H;) and (H,), as the function w — h(t,x(t, w)), w — k(t,7,w) and
= f[rjx{:rj m}] are measurable on X, and the space X is a separable Banach space then the
function w — k(t, 7, w)f (7, x(r, w) ) is measurable for all £, T € R , and also the integral

J k(t, 7, w)f (r,x(t, w))dr
L':.

is the limit of a finite sum of measurable functions, so that the function

-

w0 —3 J kit T, w}flzrj x(T, w}]a’r
|:.
is measurable.
Hence the operator A{c) and B{w) are random operators on X.

Now we show that the random operators Alew)and B{w) are satisfying all the conditions of
corollary 2.1,

Step I1: Now we show that the random operator A{s) is a contraction on X.

Let x, v £ X be any arbitrary elements, then by the hypothesis(Hz ), we get,

|A(w)x(8) — Alw)y(e)| = Al x (2, @) ) — hlz, it w))|
. Fa o ) o g
= a(t)|xlt, w) —vit,wll
Taking maximum all over t, we get,
E T P T 0 A T o i i i’ i )
A eo)x(t) — Alew) vy = la(@) | lxlE w) — vt wlll
= |la(t)l[lx — vl

lA{w)x(t) — Alw)y (@I = llalt)lx — vl (3.4)

provided that |le(2) || = 1.

Thus the random operator 4 () is a contraction on X.
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Step I11: The operatorE () is continuous operator on X.

Let Y be a bounded subset of X, then there is real number » == 0 such that ||x|| = for all v £ Y,
let {v..} be a convergent sequence of points in Y converging to the point ¥ € Y. Then it is enough to
prove that lim, .. Blw)y,(t) = Blw)v(t),t € R., By the Lebesgue dominated converging
theorem, we obtain,

lim Blew)v,(t) = lim J kit wlf(r (T, w}]ﬂ"T
n—oa n—ron

|:.

k(t, 7, w) lim f(r, v, (7, w) ) dr
Moo

I,
s

J k(t, 7,0)f (1,9(r, w))dr
|:.

"

= Blwly(t) (3.5)
foreveryt € B, w € L
This proves that the random operator B{w) is continuous operator on X.
Step IV: The operator B{u) is compact operator on X.
Firstly, we show that {B{«:)Y } is uniformly bounded and equicontinuous set in X for each w £ (I,

Let x be arbitrary element in Y then by hypothesis (H. ) the function f[t, x(t, m}] is L —caratheodory
function, we have

~ T
1 g

1Blw)x(e)] =] kt,7, w)f(r,x(r,w))dr

= J |ielt, 7,0) f (7, x(7, ) |dr
o

[

J |k(t, 7,0)| | £z, x(z, )| dr
|:.

f{:jjm)J |z, x(r, w))| dr

[

=]

-

= H:;jmjj
|:.

a-(1T)|d1

|B{ew)x(t)| = K{w)v(t, w)
Taking suprimum all over t, we obtain
1B(ew)x(t)]l = K,
for all x() €Y, this shows that the {B{w]Y} is a uniformly bounded subset in X for each w £ 0.

Secondly, we show that B{w]Y is an equicontinuous set in X.
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Let x £ ¥ be arbitrary, then for anys, £ € E.owith 0 = s <X £ <I 22 and for some w £ {1, equation (3.2)
implies that
|B{w)x(t) — Blw)x(s)| =

P T

= J k(t, T, w}fl:r, x(T, w}]dr— J kis, T, m}f‘l:n x(T, m}]dr
o o

T P ~F

= J l(t, 7, w)f(r,x(t,w))dr + J k(t, 7, w)f(r,x(r, w))dr — J k(s,7, w)f(z,x(r,w))dr
o = o
-51 W o . ) N --1 . W o . ) N -:-1 W o . ) N

= J kgt m;fLr,x:__r,m;Jar —J kis, T, w)fiT, x:__r,m,ljar + J kit r,wif (1,217, m;)ar
0 o .

= |f|‘:::.?c::tj 1,w) — ks, 7,w)) (7, x(r, w) )dr + Ic k(t, T, w)f (1,20, m})a’r|

= -

|k(t, 7, ) — kis, 7,0)| | f{r,x (1, 0))|dr + J |ke(t, T, w)l|F(r,x(r, )| dr

[
= R —

5

',.
&
Ly
(=S

) — ks, 7, ) |f(7 x(r,0)) |dr + K (@) J |F(z.x(z, )] dr

[
= R —

5

g, (1, @) |dr+ K () j g, (1, w)| dr

— k(s 7, 0)]

=
=
=
g,

5

\

geit, w)ldt+ K{w) vt w) — v(s, w)l (3.8)

J |kt T, e0) — ks, T, 0|
|:.

forall w £ 1,

Since v is uniformly continuous function, it follows that | B{c)x{t) — B{ew)x{s)| = 0 ast — = for all
x € Yand w € 0. Therefore { B{e:)Y} is an equicontinuous set in X for all s, € R..

As { B{w]Y} is uniformly bounded and equicontinuous subset in X, it is compact in X by Arzela —
Ascoli theorem for each w € . As a consequence, Blw) is compact and continuous operator on X.

Thus B is completely continuous on X.

Step V: Now for any solution x to A{w)x + Blw)x = a{w)x for a{w) = 1, then it has

|x(t, )| = [R(t,x(t w)) +J kT, w)f (nx(r w))dr
|:.

=

(e, x(s, ) )| + J k(t, 7, w)f (1, x(t, w))dr
|:.

-

‘]

= |,F;!|:EX::E m:')' +J
I:.

2. ™

k(t, 1 w)f(rx(r, m}) | dT

klt, T, w)l | f(z, x(r, @) |dr

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 19



B. D. Karande & S. G. Shete

= |n(t,x (8, w))| + K(w) J |7 (2, x(r,w))|dr

[=]

-

= |n(,x (8, w))| + K(w) J g, (z, @) dT
|:.

= Rt w) + K{w)llg.ll:
Taking maximum on t, we get

(e, Il = el + Kl llgplle =7 3.7)

lx(f, w)|l = r for all @ €02 and for all t € R~. Thus all the condition of corollary 2.1 are satisfied
and hence the application this corollary 2.1 yields that the random operator equation {3.3) and
consequently the nonlinear Volterra type perturbed random integral equation (1.1) has a random
solution in X.

Step VI: Finally, we show the locally attractive of the solutions for {1.1). Let x and ¥ be any two
solutions of the nonlinear Volterra type perturbed random integral equation (1.1) in X defined on R-.
Then we have,

altx(t, w)) + J ke(t, 7, w)f(7,x(r,w))dr — (h(t, v (2, w))
o

g ) i g
xlt, w)—vitw) =

-

+ J k(t, T, w)f (1, v(1,w))d1)
o

-

hl:tj x(t, m}] + J kit T, w}flzrj x(T, m}]dr - F;!I:tJ_r_.'::tJ m}]
|:.
—J le(t, T, w)f (r,v(r, w))dr
|:.

h(t, x(t, w)) — At v(t,w)) + J k(t,7,0) f1,x(r, w))dr — J k(t, 7, 0)f(r,y(r,w))dr
o 0

14,

= |n(tx(t ) = h(t, vt )| + || k(t1 w)f(r x(r, ) )dT — J k(t, 7, w)f(r,v(t,w))dr
|:.

CTE—

= |t x(tw)) — At vt w))| + J kT, w)f(n,x(r, w))dr| + J k(7 @)f(1,y(t,w) )dr
o o

™

klt, 7, w)f (1,v(1, w))|dr

= alt) |x(t, @) — v(t, w)| + | |k(t, 1, 0)f(z,x(7, w))|dr + J

|:.

S

= alt) |x(t,w) — y{t, ) +J |ke(t, T, ) || £ (7, x(x, w}]|dT+J |k(t, 7,0 |7,y (r, )| dr
o o

- -

< a(®)lx(60) ~ y(6, )| + K@) [ |75 (s @))ldr + K@) [[7(e vt )]s
o o
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- -

= alt) |x(t,w) — (t, w)| + h’iﬁm}J g-(r,wldr + K(w) J g, (7, wldr
o o
= alt) |x(t,w) — y(t, w)| + 2K (w) [, g, (1, w)dr (3.8)

Taking the limit superior in the above inequality as t tends to oo yield

- P & PR Wl e 7 P P '-\. i ) - Al . 3
limsup|x(t,w) — vt w)| = lim supalt)|x(t,w) —vit,wl| + lim sup 2K{w) | q.(t,w)dt
F—roo t—+oo Lo
0

. o g Fa | o= Ta ey o g o o 5 FRTT Fa g
lim sup |x(f, @) — vt w)| = lim sup o) x(E w) — vt w)| + 2 Klw)lim sup vt w
lim ytw)l = lim ) lim tw)

limsup |x(t, w) —v{t,w)| =0, since limsupvit,w) =0 and limsupa(t) = 0.

t—+oc oo t—roc

Then from above inequality it follows that |x{t, w) — v{f,w)| = e forall t € R..

This completes the proof.
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