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Abstract:  In this Paper, we prove an existence and attractivity result for Volterra type nonlinear perturbed 
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1. INTRODUCTION 

The coefficients or parameters that have an important role in the natural processes are called random 

parameters. Hence when we talk about some parameters or coefficients, the random analysis of the 

random equations is evident. Therefore the random equations have been studied in the literature, since 

long time, by various Mathematicians all over the world. Thus the study of a natural or physical 

phenomenon with the help of random models or equations forms an important branch of the analysis. 

Random fixed point theorems are the stochastic generalizations of the classical or deterministic fixed 

point theorems in abstract spaces and are useful in the study of nonlinear random equations for 

proving the existence theorems [5,6,7,9,10]. In this paper we study the existence of locally attractive 

solution for Volterra type nonlinear perturbed random integral equations in separable Banach space 

employing random versions of the Krasnoselskii fixed point theorem of Krasnoselskii and B. C. 

Dhage in the form of Schaefer fixed point theory. 

Let  denotes the real numbers and be a set of nonnegative real numbers, that is 

 and let X is a separable Banach space with the norm . 

Now consider the nonlinear Volterra type perturbed random integral equation of the type  

                             

for every , 

where the random perturbed term  is a mapping from .  is the point of  

and  is an unknown random variable for each .  The kernel   is a mapping from 

 and is defined for  and , the kernel   is an 

essentially bounded function with respect to measure  for every . The 

function  is a mapping from  for . i.e. the function  f  is an scalar 

valued function for .  

The measurable function  is said to be the random solution of equation  if for 

every , it satisfy the nonlinear Volterra type perturbed random integral equation  where 

the space C ( , ) denotes the space of all continuous real valued functions on . 
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2. PRELIMINARIES 

In this section, we present here some notations, definitions and preliminary facts that will be used in 

the proofs of our main results. 
 

Definition 2.1 A mapping  is called a random operator, if T( ) is measurable for 

each  and this random operator is generally denoted as T( )x and it expressed as T( )x = 

T( ).
 

Definition 2.2 A random variable  is called a random fixed point of a random operator  

 , if  for every  . 

Definition 2.3 A random operator  is called a totally bounded, if for any bounded 

set D in X ,  is totally bounded subset of X for every .  

Definition 2.4 A random operator  is called a completely continuous on Banach space X, if it is 

totally bounded and continuous random operator on X.  

Definition 2.5 An random operator  is called compact random operator, if  

is compact subset of X where   is the closure of  in X. 

Definition 2.6 A random operator  is called a Lipschitzician, if there exist a 

nondecreasing continuous function  such that for every  

                                             

for all x, y , where   with  Here the some special case 

  for  for every   then the random operator  is called a 

Lipschtzician with Lipschitz constant , for  . In particular for each  ,  then 

random operator  is known as a contraction with contraction constant  and if , 

for  and for every   then  is known as a nonlinear contraction. 

Definition 2.7 (Dugundji and Granas[8]):An operator A on a Banach space X into itself is called 

Compact, if for any bounded subset S of X, A(S) is a relatively compact subset of X. If A is 

continuous and compact, then it is called completely continuous on X. 

Theorem 2.1 (Arzela-Ascoli theorem): If every uniformly bounded and equi-continuous sequence 

 of functions in C ( , ), then it has a convergent subsequence. 

Theorem 2.2 (Dominated convergence theorem) Let { } be a sequence of increasing nonnegative 

measurable functions on a measurable subset M of , if for all ,  for some 

measurable function  with  for almost every , then  

 

Theorem 2.3 (Monotone convergence theorem):Let { } be a sequence of increasing nonnegative 

measurable functions with , then the function  is a measurable function and  

 

Now we shall seek the existence of the solution to the nonlinear Volterra type random integral 

equation of the type in the space BM ( , ) be the space of all bounded and measurable real valued 

functions on  with the norm is defined as  
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under some suitable conditions. 

Let X = BM ( , ) be the space of all bounded and measurable real valued functions on  and  

be a nonempty subset of X. Let  be a mapping and consider the following random 

equation  

                                                      

for  , and . 

Below we give different characterizations of the solutions for operator equation   on  we need 

the following definitions. 

Definition 2.8: B. C. Dhage [1] The random equation  has said to be have locally attractive 

random solution on , if there exists a closed ball  in the space  for some 

 and for any real number  such that for any random solution  and  

of the random equation  belonging to , we have  

                                         (2.3) 

for every  . Here in this case when the limit of equation  is uniform with respect to the set  

. i.e. every  then there exists a  such that for every , 

                                                (2.4) 

for every   and  being the random solution of equation , then we will 

say that the random solution is uniformly locally attractive on . 

Concepts of the locally attractivity of solutions were introduced in [1, 6, and 7]. 

Now we give random versions of the Krasnoselskii fixed point theorem Krasnoselskii [9] and B. C. 

Dhage [4] in the form of Schaefer fixed point theory [2] which is the main tool in the existence 

theorem of solutions to the nonlinear Volterra type perturbed random integral equation (1.1). 

Theorem 2.4: B. C. Dhage [2] Let X be a separable Banach space,  be two 

random operators satisfying for every  

i)  is nonlinear contraction, 

ii)  is completely continuous, 

iii) The set  is bounded, for any measurable function 

 with  

Then the random equation  has a random solution. 

An interesting corollary to Theorem (2.4) in its applicable form is 

Corollary 2.1: B. C. Dhage [2] Let X be a separable Banach space and let  be two 

random operators satisfying for every  

i)  is contraction, 

ii)  is completely continuous, 

iii) The set  is bounded, for any measurable function 

 with  then the random equation  has a random 

solution. 
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3. EXISTENCE RESULT 

Let  be the real line and let  and  denotes the space of all bounded and 

measurable real valued functions on  respectively, and the space  of all bounded and 

measurable real valued functions on  with the norm is defined as  

 

Then clearly, the space  is Banach space with respect to this maximum norm defined 

above and also the space  is a separable Banach space with respect to this maximum 

norm defined above.  denotes the space of all continuous real valued functions on  and 

we get the relation between them as . (B. C. Dhage [2]) 

We define the norm in  which is denoted by  and defined as, 

sup   for . 

The space  denotes the space of all Lebesgue integral real valued function on  with 

respective to the  defined by      

 

We need some following definitions, 

Definition 3.1: A function  is said to be random caratheodory function, if  

i) The map  is jointly measurable for all  

ii)  is continuous for almost every . 

Definition 3.2: B. C. Dhage [2] A random Caratheodory function  is said to be 

random caratheodory function, if  

i) For each real number r > 0, there is measurable and bounded function   such 

that  for all  and  with  

Now we consider the following some hypothesis, 

 The function  is measurable, 

 The function  are continuous and bounded with bound K( ), 

 The function  is measurable for all  

 The function  is a continuous function and there exist a bounded function 

 such that 

 

for all , with  and , , 

 The function  is an random caratheodory function, 

The uniform continuous function   defined by the formulas   

is bounded with bound on  and vanish at infinity, that is, . 

Remark 3.1: Note that, if the hypothesis  hold, then there exist constant  such 

that . 
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Theorem 3.1: Suppose that the hypothesis   to  holds, further if there exist a real number 

 such that , then the nonlinear Volterra type perturbed random 

integral equation (1.1) has solution. And moreover, random solutions are locally attractive on  

Proof: Let be a separable Banach space. Now we define the two operators A and B 

on X, by  

                                                      (3.1) 

                              (3.2) 

Then the nonlinear Volterra type random perturbed integral equation  is equivalent to the 

operator equation  

                                          (3.3) 

for all , hence the problem of the existence of solution to the nonlinear Volterra type random 

perturbed integral equation   is to just reduced to the finding the solution to the operator equation  

 in X. 

Step I: First, we show that  are random operators on X.  

Since by the hypothesis ,  and , as the function  and 

 are measurable on X, and the space X is a separable Banach space then the 

function  is measurable for all  , and also the integral  

 

is the limit of a finite sum of measurable functions, so that the function  

 

is measurable.  

Hence the operator  are random operators on X. 

Now we show that the random operators  are satisfying all the conditions of 

corollary . 

Step II: Now we show that the random operator  is a contraction on X. 

 Let  be any arbitrary elements, then by the hypothesis , we get,  

 

 

Taking maximum all over t, we get,  

 

 

                                         (3.4) 

provided that . 

Thus the random operator  is a contraction on X.   
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Step III: The operator  is continuous operator on X. 

Let Y be a bounded subset of X, then there is real number  such that  for all , 

let   be a convergent sequence of points in Y converging to the point . Then it is enough to 

prove that ,  By the Lebesgue dominated converging 

theorem, we obtain, 

 

 

 

=                                                                              (3.5) 

for every ,  

This proves that the random operator  is continuous operator on X. 

Step IV: The operator  is compact operator on X. 

Firstly, we show that {  is uniformly bounded and equicontinuous set in X for each . 

Let x be arbitrary element in Y then by hypothesis  the function  is caratheodory 

function, we have  

 

 

 

 

 

 

Taking suprimum all over t, we obtain 

 

for all , this shows that the { } is a uniformly bounded subset in X for each .  

Secondly, we show that   is an equicontinuous set in X. 
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Let  be arbitrary, then for any with  and for some  equation (3.2) 

implies that 

 

 

 

 

 

 

 

 

 

for all  

Since v is uniformly continuous function, it follows that  as  for all 

 and . Therefore { } is an equicontinuous set in X for all  

As { } is uniformly bounded and equicontinuous subset in X, it is compact in X by Arzela – 

Ascoli theorem for each As a consequence,  is compact and continuous operator on X. 

Thus B is completely continuous on X. 

Step V: Now for any solution x to  for ,  then it has  
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Taking maximum on t, we get  

                                      (3.7) 

 for all   and for all . Thus all the condition of corollary are satisfied 

and hence the application this corollary  yields that the random operator equation  and 

consequently the nonlinear Volterra type perturbed random integral equation  has a random 

solution in X. 

Step VI: Finally, we show the locally attractive of the solutions for . Let  and  be any two 

solutions of the nonlinear Volterra type perturbed random integral equation  in X defined on . 

Then we have, 
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                                                                     (3.8) 

Taking the limit superior in the above inequality as t tends to ∞ yield

 

 

 

, since  and . 

Then from above inequality it follows that  for all .      

This completes the proof. 
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