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Abstract: A set S of vertices in a graph G is a connected dominating set if every vertex not in S is adjacent to
some vertex in S and the subgraph induced by S is connected. The connected domination number y,(G) is the
minimum size of such a set. An equitable dominating set D in a graph G is called connected equitable
dominating set in the subgraph < D > induced by D is connected. In this paper we introduce the connected end
equitable domination of graphs. The values of this concept are found for some important families of graphs and
some relations with some other domination parameters are presented.
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1. INTRODUCTION
The connected domination of a graph has been introduced by Sampathkumar and Walikar [4].

A dominating set S is said to be connected dominating set if the induced subgraph < S > is
connected. The minimum of the cardinalities of the connecting dominating set is called connected
domination of G and denoted by y.(G). The connected equitable domination number has been
introduced in [4] and [5] independently. An equitable dominating set D in a connected graph G is
called connected equitable dominating set in the subgraph < D > induced by D is connected in G.
The minimum cardinality of a connected equitable dominating set of G is called equitable domination
number of G and denoted by y,.(G).

In general the connected dominating set has a lot of application in network see [6] that motivated us in
this section to define the connected end equitable dominating set and the connected end equitable
domination number of graphs. Also before defining the connected end equitable domination number
in a graph we define the connected end domination in a graph.

2. CONNECTED END EQUITABLE DOMINATION NUMBER

Definition 2.1. Let G = (V,E) be a connected graph. An end dominating set D < V(G) is called
connected end dominating set if the induced subgraph < D > is connected. Any connected end
dominating set with minimum cardinality is called minimum connected end dominating set. The
connected end domination number is the cardinality of a minimum connected dominating set and
denoted by y°¢(G).

Definition 2.2. Let ¢ = (V,E) be connected graph. An end equitable dominating set D is called
connected end equitable dominating set if the subgraph < D > which is induced by D in G
isconnected. The minimum cardinality of a connected end equitable dominating set is called the
connected end equitable domination number of G and denoted by y,..(G) .

©ARC Page | 56


mailto:kbmurthy2005@gmail.com

Murthy K.B

Example 2.3. Let G be a connected graph in Figure 1

R

Fig. 1 :¥...(G) =5
From the Figure 2.1, it is easy to see that the set {v,,v¢} is a minimum dominating set or

{v,,vs}or{v,,v;} and hence y(G) = 2 and {v;,v,} is a minimum connected dominating set that
means y.(G) = 2.

The set {v;, vy, e} is one of the minimum end dominating sets of G. Therefore y¢(G) = 3 and the
minimum connected end dominating sets are {vs , vy, V5, Vs Yor{vs , v, V5, V1 }.

Therefore ,y¢¢(G) = 4.

The minimum equitable dominating sets are {v, , v3, v,, V6} and also {v, , vs, v,, v6} is end equitable
dominating set . Therefore ,y,(G) = y..(G) = 4.

There are two minimum end equitable dominating sets in G{v, , v, 4, Vs, Ve } and {v, , v3, vy, V1, Vg }-
Hence ,y,..(G) = 5.

Observation 2.4.  For any connected graph G = (V, E) the connected end equitable dominating set
is defined.

Proof: The proof is straightforward by taking D =V(G) then D is connected end equitable
dominating set.

Proposition 2.5. For any connected graph G = (V, E)
Wehave  y(G) < ¥e(6) < Vee(G) < Veee (G) .

Proof: Let G be any connected graph and let D; € V(G) is any minimum connected end equitable
dominating set in G.Then clearly D; is also an end equitable dominating set in G. Therefore, y,.(G) <

|D1| = ycee(G)-

Suppose that D, is any minimum end equitable dominating set of G. Then D, is also an equitable
dominating set by the definition of the end equitable dominating set.

Therefore, y,(G) < |D,].

Hence, y.(G) < y..(G). Similarly any equitable dominating set is dominating set we have,
¥(6) < 7v.(6).

Hence, ¥(6) < 7e(6) < Vee (6) < Veee (G).

Remark 2.6. The equality in proposition 2.5 can be hold in many graphs which has no end vertices
for example

Y(Cy) = Ve (C) = Yee(C4) = Veee(Cy) = 4
V(kp) = Ve(kp) = Vee(kp) = YCee(kp> =1
Proposition 2.7. Let G be a connected graph. Then, y.(G) < ¥eee (G).

Proof: Let D € V(G) be minimum connected equitable dominating set of the connected graph
G.Then D is dominating set of G and the induced subgraph < D > is connected .Therefore , D is also
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connected dominating set i.e.,, any connecting end equitable dominating set is also connected
dominating set.

Hence, ¥:(G) < ¥eee (G).
Corollary 2.8. For any k-regular or (k, k+1) bi-regular graph y.(G) = Y¢ee(G).

Proof: We have y.(G) < ¥...(G) by Proposition 2.7, now let D be minimum connected dominating
set of connected k-regular or (k , k + 1) bi-regular graph.

By the definition of equitable dominating set it is easy to see that D is also equitable dominating set
and also < D > is connected and since G is k-regular or (k,k + 1) bi-regular that means D is also
connected end equitable dominating set.

Proposition 2.9. Let G be a connected graph. Then, ¥,.(G) = y...(G) = 1 if and only if G has no
end vertex and there is at least one vertex v € V(G) such that deg,(v) = n— 1 where n is the
number of vertices in G.

Proof: Let G be a connected graph has no end vertex i.e.,§(G) = 2 and there exists one vertex say
u € V(G) such that deg,(u) = n— 1 where n is the number of vertices in G. Then the set {u} is
connected end equitable dominating set of G and by Proposition 2.5, we get y,.(G) = Y0 (G) = 1.

Conversely, suppose G is connected graph and y,..(G) = y...(G) = 1, then G has no end vertex and
there is D = {w} which is connected end equitable dominating set .

Therefore, deg.(w) =n— 1.

Theorem 2.10. Let G = (V, E) be any tree with n vertices or G be totally equitable disconnected with
n vertices .Then, ¥,..(G) =n

Proof: Let G = (V,E) such that G is tree of n vertices, if we take D € V(G) then D is connected
end equitable dominating set. Therefore, y,...(G) < n .

Now let y,...(G) < n— 1then there exists at least one vertex v € V(G) does not belong to the
minimum end equitable dominating set that is D = V — {w} is connected end equitable dominating set
and deg(w) > 2 then if (V — {w}) is connected implies that G has a cycle that is contradiction that G
is a tree (since every vertex other than the end vertex in a tree is cut vertex).Hence there is no
connected end equitable dominating set of size less than —1 .

Hence ,Yeee (G) = 1.

Similarly, if G is equitable totally disconnected then y,..(G) = n.
Corollary 2.11. For any path B, , with n > 2 vertices, Yce.(B,) = n.
Proposition 2.12. For any cycle C, onn =3 vertices , Yeee (C,) = n — 2.

Proof: Since y,(C,) =n—2 and let D =V — {v,u} is any subset of the vertices on the cycle C,
such that u« and v any adjacent vertices. Clearly D is connected end equitable dominating set of C,
that means y,..(G) < n — 2 and by proposition 2.7, we have n — 2 = y.(Cr) < Yeee (Cp).

Hence, ¥eee (C,) = n — 2.

Corollary 2.13. For any bi-star graph B(m, n), YeeeB(m,n) =m+n+ 2
Corollary 2.14. For any spider graph G % SP,, Yeee (G) = 2n + 1.
Proposition 2.15. For any complete bipartite graph G = k,, ,,

+ +n| =2
yec(G) = Ycee (G) = {Tzn " lnz;thzlﬂwise

Proof:

Casel. If G =k, ,and|m + n| = 2, in this case the graph G is equitable totally disconnected and
By the Proposition 2.10, ¥,.(G) = m + n and by the Proposition 2.5 y,.(G) < ¥.ee (G).
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Hence, V..(G) = Y.ee(G) = m +n.

Case2. If G = k,,,, ,where [m +n| <1, then if 4, B the partite sets of G ,by selecting one vertex
v € Aand u € B,then D = {u, v} is connected equitable end dominating set

Yee = Yeee(G) < 2.But by the Proposition 2.9, ¥,..(G) # 1.
Hence, yec(G) = ycee(G) =2.

Observation 2.16. For any connected graph G any minimum connected equitable dominating set
must be contained all the supporting vertices.

Proof: Let G be any connected graph and let D € V(G) be any connected equitable end dominating
set .Suppose that u be any end vertex in G and v is its supporting vertex and suppose that v € D
then < D > is not connected because the two vertices w, v has no path connected to them.

Hence, D must contain all the supporting vertices.
Proposition2.17. Let Gbe any connected graph with t end vertices n > 3 vertices.
Then, yeee (G) =t + 1.

Proof: Clearly if G is connected graph with n < 2 vertices then we have two cases either
G = kior G = k, and in both cases y,..(G) is equal to the number of vertices.

If n = 3, then we have two cases.
Case 1: If G has no end vertices, then it is obvious that in general y,..(G) = 1 that means
Yeee (G) =t +1 as t = 0.

Case 2: If G has t > 1 end vertices. Let D be any connected equitable end dominating set of G, then
the t end vertices and their supporting vertices must belong to the dominating set. So the question is
to how much can minimize the supporting vertices. The answer is obviously if s is denoted the
number of supporting vertices in G then 1 < s <t . That means we can minimize the number of
supporting vertices till one vertex.

Hence, any connected equitable end dominating set contains at least ¢ end vertices and one
supporting vertex. Hence, Y ..(G) <t + 1.

Further the bound in Proposition 2.17 issharpif ¢ = k;, , n> 2.

Proposition 2.18. For any connected graph G with ¢t = 1 end vertices.

0] Yeee(G) =t if and only if G = k.

(i) let H be connected graph with m = 3 vertices and G = H o kj.
Then, y...(G) = 2t = 2m , where t is the number of end vertices.

Proof: (i) If G = k, thent = 2 and clearly, y,..(k;) = 2.

Conversely , suppose ¥...(G) =t, where t > 1 as we seen in Proposition 2.17 if the number of
vertices of the graph n > 3, the number of supporting vertices at least equal to one that means G
must contain n < 2 vertices .

Hence ¥ ..(G) = t.

(ii) Let G = Hok,. If Hhas m >3 vertices then clearly there are t = m end vertices and all the
other vertices of H will be pendent vertices. Hence any connected equitable end dominating set
of H o k; is contained 2t vertices.

Remark 2.19. The converse of (ii) in the Proposition 2.18 is not correct. See the following

example 2.20
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Example 2.20. Let G be connected graph as in Figure.2.

Uz ° Uy

Fig. 2: The two minimum connected equitable end dominating set in G

Then clearly, {v,, v3,v,, Vs, V6, 77} and {v,, v5, vy, V5, v1} are only the two minimum connected
equitable end dominating set .That means, y...(G) = 6 = 3t, where t =3, the number of end
vertices but G # H o k;.

Proposition2.21. For any positive integer a > 1 there exists a graph G such that y,..(G) = 2a.
Proof: By taking H is the path P,and G = P, o ky. Then clearly, ¥,...(G) = 2a.
Proposition2.22. Let G be a cycle with at least one edge attach to each vertex in the cycle.

Then ,¥...(G) = n, where n is the number of vertices in G.

Proof: Let Gbe a cycle with at least one edge attach to each vertex in the cycle.

Suppose there is a connected equitable end dominating set D which has m vertices such that m < n.
Suppose v be any vertex in V(G) such that v & D, so we have two cases either v is one vertex in the
cycle or v is end vertex.

Case 1. If vis one vertex in the cycle, then there exists attached edge say vu where u is end vertex
that means w is isolated vertex in the induced subgraph < D > which is a contradiction.

Case 2. v is an end vertex which is contradiction since any connected equitable end dominating set
must contain all the end vertices.

Example 2.23. Let G be a cycle C5 with three attached edges in each vertex as in Figure 3.

Fig. 3: Csoky
It is easy to see that

y*6) =15, y(G) =5

Ye(G) =5 v.(G)=17

Yeee(G) = 20 and y.(G) = 15.

Corollary 2.24. LetG = C,, © E . Then, Veee(G) = pm +m

Proof: It is straightforward by applying Proposition 2.22 and instead to attach one edge in every
vertex of the cycle will attach edges in each vertex.

We can generalize the result of Proposition 2.22 as the following result.
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Proposition 2.25. For any connected graph H with m vertices if G = H o E :
then Y. (G) = pm + m.

Proof: Let D be any minimum connected equitable end dominating set of , then all the mp end
vertices must belong to D and all the other vertices in G are support vertices and must belong to D to
make < D > connected .

Hence, ¥,ee (G) = mp + m.
Therefore, Yeee(G) = mp +m.

The helm graph H,, is the graph obtained from the wheel W,,of n + 1 vertices by adjoining a pendent
edge at each vertex of the cycle.

See the following helm graphs in Figure 4.

N\
/

Fig. 4: helm graph

Proposition2.26. Let G = H,, be helm graph of 2n + 1 vertices .Then

2n if n=3 or 4;
G) = ’
Veee (G) {Zn +1 otherwise.
Proof:
Case 1. If n =3 or n =4 then any minimum connected equitable end dominating set must contain

the end vertices and the support 2n vertices remaining the center but the center has degree 3 or 4 then
it will dominate by any support vertex.

Case 2. The center has degree more than or equal to 5, that means the center vertex is an equitable
isolated vertex and must belong to any connected equitable end dominating set. Similarly the end
vertices and the support vertices must belong to any minimum connected equitable end dominating
set.

Hence ,Y;ee(G) = 2n + 1.
Proposition 2.27. For any tadpole graph T, ,,  Veee( Tnn) = m +n — 2
Proof: Let G =T, , be any tadpole graph with m + n vertices as in Figure 5

Um—1 L

Um—2 Y Y

ud g Y
e Us

Fig.5: tadpole graph with m + n vertices.

Clearly any connected equitable end dominating set D must contains all the vertices v; , where
i=12,.......,nsince if any vertex v; for any i does not belong to D then < D > is not connected
and hence D is not connected equitable end dominating set.

Therefore, Yeee(Tinn) = 1+ Yeee(Crn) and we have, vy ..(C,) =m — 2
Hence , Veee (Tnn) = m+n—2.
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3. CONCLUSION

We continue the study of end equitable domination of graphs by defining two types of end equitable
domination. We introduce the connected end equitable domination of graphs. The values of this
concept are found for some important families of graphs and some relations with some other
domination parameters are present.
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