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1. INTRODUCTION

In recent years the mathematical modeling of infectious diseases is well described in the
litterature. Diseases that are transmitted directly from person to person are modelled by using
the SEIR system.

Tuberculosis (TB) is an infection disease caused by Mycobacterium tuberculosis, which is
transmitted from an infected person to a susceptible person in airborne particles, called droplet
nuclei. These are 1 to 5 microns in diameter. These infectious droplet nuclei are tiny water
droplets with the bacteria that are released when persons who have pulmo- nary or laryngeal
tuberculosis cough, sneeze, laugh, shout etc. These tiny droplet nuclei remain suspended in the
air for up to several hours. Tuberculosis bacteria however are transmitted through the air, not by
surface contact. This means touching cannot spread the infection unless it is breathed in.
Transmission occurs when a person inhales droplet nuclei containing tuberculosis bacteria. These
droplet nuclei travels via mouth or nasal passages and move into the upper respiratory tract.
Thereafter they reach the bronchi and ultimately to the lungs and the alveoli. According to the
World Health Organization (WHO), the epidemiology of tuberculosis varies around the world,
the hightest rates are observed in Sub-saharan Africa, India , Indonesia and China and are |,
in part, due to interactions with HIV.

In this paper we formulate and analyze dynamical and stochastic model in sectionl to 3. The rest
of the paper is organized as follows.In section 4, we derive an equivalent sto- chastic model for
tuberculosis model and in section 5 computational simulations are per- formed.

2. THE MODEL

In this section we present the system of differential equations of tuberculosis which described
the considered model of tuberculosis. We consider a given finite human po- pulation of N
people, which we divide into three categories: susceptible, exposed and infected.
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A is the recruitment into the population ; B , the probability that a susceptible individual will be
infected by infectious ; p is the probability that an individual in the population died from reasons
not related to the desease ; d is the probability that an infectious individual dies because of the
desease.An individual leaves his region to another for a new treatment with the probability 3,
thus this individual goes missing of model. To account for treat- ment , we define r1E as the

fraction of population receiving effective chemosprophyilaxis and r2 as the rate of effective per

capita therapy. We assume that chemosprophylaxis of latently infected individuals E reduces
their reactivation rate rq and that the initiation of therapeutics immediatly removes individuals

from active status | and places them into state E, the time before latently infected individuals
who does not received effective che- moprophylaxis become infectious is assumed to satisfy an

exponential distribution, with time % Thus, individuals leave the class E to I at rate k(1 — r1).
Also, after receiving a theurapeutic treatment, individuals leave the class | to E at rate r2 I. By
adding the System (1), the equation for total population is given by
N=A—uN — (d + 6)I
If there is no desease in the population
N=— 2)

The following result show that the solutions for model (1) are bounded and, hence, lie in a
compact set and are continuable for all positive time.

Lemma 1: the plane S+E+I< % is an invariant manifold of model (3), which is attracting in
the first octant.

Proof: Summing up the three equations, we have N(t)=S(t)+E(t)+I(t). It follows from

(1) that: _
N=(SHE+I=A—pS+E+1)<A—p

Hence, by integration, we check

and Then:

TiLn - A
i—roo A t) = s

lim sup

So the feasible region for system (1) :

A
Az{(S,E,I) ERLOS(S+E+]) s;}

o
is positively invariant.Therefore, for initial starting point xeR3,the trajectory lies in A
Theorem 1:
System (1) does not have nontrivial periodic orbits.
Proof: From lemma 1, we can say that a limit cycle, if it exists, must lies in the region
Consider system (1) for S > 0 and | > 0. Take a Dulac function

D(S,I)=f—1
We have
HDFP) J(DQ) AA 3
5, 7 LY FJ : _ _ LI 4 _ . 1 -.-:- t.l
a5 + af 27 5;3; (1 —r)E

Hence (1) does not have a limit cycle in (1).

The conclusion follows.
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2.1 Equilibria and basic reproduction number
System (1) has two equilibrium points: the desease equilibrium E1=(§,0,0) and the endemic

equilibrium:
,-_;* _ A [j—l:dﬂ-ﬁ}l H:::]
=T piA—d—4a)|Hq
EE[ q‘* E* I*J _ E* _ ."II.|:R|:|_1:| [:ﬁ(].—p:lﬁ"i"ERU]

- «L['.L:i:r-‘ck ki %Trl I(F—d—38) Ry
¢ n—24
"= f—d—a

satisfying the system :

A— :I% — S =10

Bl —p)st vl — (p+ k(1 —r))E=0

ApEE 4 k(1 —r)E — (p+d+d+72)I =0

A —uN* —(d+6)I* =0

®3)
Proposition: The basic reproduction number is
_ Alpp R = )] R =) +

Ro = (p+d+0)(pp+ k(L —r1)) 4+ pre

Proof: The basic reproduction Rg will be calculated by using the next generation matrix from
Driessche and Woutmough, 2002 [8].

Let X=(E,I,S). system (1) can be written as ‘%:}; — v, where

F=| Bpsf and V= | k(1 —r)E+ (p+d+6+r)l
(0 A+ -j% + IHS
The jacobian matrices of F and v at the desease free equilibrium X, are respectively:
Where
DF(Xo) = ( no ) and DY(Xg) = (V0
JpooJd )

_ 0 0 P o+ I.fl — 7)) —Ilfl —71)
b= ( Bl —p) Bp ) and V= ( —r3 p+d+d+r |

() ()
r—1
FV Ail—pll{l—r1)+8plp+d+d+ra)  Bluptkil—rl)]+k{1—r1))+ura
(it +8) (i k(1—r1))+pira (i d+8) (- k(L= ) ) pirs

Is the next generation matrizx of system (1)

o Tine of BT =1 e o =1y _ Blaptk(1=rD)]+k(1=ry))+pry
The radius of FV™" is p(FV™") = = mr i m—m i

Hence, the basic reproduction number of system (1) is:

Ro Blpp + k(L =r)] + k(1 = 1)) + perg
(A dH 0 (R =) + prg
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Theorem 2:
If Ry <1, then the desease free equilibrium is globally asymptotically stable in A
Proof: Let be the following Lyapounov function V:A - R
V(S,E,N=I(t)
We have

= pHk(IrE — (u+ d+ 8+ 1)l

o _ Y7 ) ['-?p'-‘ —((pp+k(1—ri ) )ura ) 1) . .
=(p+d+do+r)ilpp+El—r))+ ’m“Jw+d+5+rﬂ-'tufp+kﬂ o o + k(1 —r)E

Which gives us:

_ 1 . .

< o — S(t (11— E
o <(p+d4+o+r)((pp+ k(1 —ry)) 4+ pra)(RoS( {,u—l-d+r5—l—r'gju+“l ) E

-::;" ;:“ - o
We see That 0 for Ry < s 1 and E=0
If Ry < lthml —Dc}»lf =0

1

If??,o_ltlml—_ﬂf:»bll itdtatra

Hence by LaSalle’s principle[7] the disease free equilibrium is globally asymptotically stable on A
Theorem 3:
The endemic wquilibrium of the system is globally asymptotically stable on /A

Proof: Let be the following Lyapounov function VI A—=R:

VI(S,E 1) =W4[5 — S*In—

.-
J'E [r!

I
] + W5 [I—I*I-HF]

where W; and W are positive constant to be chosen latter. \We have:

v 5 -5 ST I—1*  SI
W (A= B — 1) + W7 (3 v

:II-'ﬁ‘*(ﬁ%ﬂﬁ*-z?—,u:wrﬂ-g “(BpE 4+ k(1 =) E— (u+d+68+r)I —
(1 —r ) E* 4 (p4d+ 06 +r)1%)

d(l—rm)E—(pu+d+0o4m)l)

S =5 st ST N
N N

I . T A A

+Ws [Bpl v TN )+ k(1 —m)(E—E*)—(p+d+d+r)(I—1")
_ S8 S ST ST SL
=M— W~ +— — ) tr5 =9
I o B A A b _ . o .
+Ws Ppl==——+————)+k(l—r)(E—E*) = (u+d+d+ry)(1 —I")]
.“- J’\l' _\- J\'
S— 5 g

_ I v . Cer o
[zﬁ[__vu —1I)+ \lrb'*—bj]-l-lu[b — 5]
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-1 S N b

+Ws [,-.'fp[?[f—f*J + F{S — SN+ Rl =) (E—FE") —(p+d+6+r)(I = I")]
LT (§=8%) S5 (S—5Y e (5= 872
:_u-laT%—u-lﬁT‘ 21— 1) - Wy =
S — J*)2 * Vs . 1) " 2
+11 7.-73}}—,&4-11;-)"311 ! ,LS‘—S'*)[I—I’“}—I—H—“L-(1—;-1J(E—E*j[f—f’“j—ﬁ"gM(I—I*'J“]
N IN I I
I | (5 — S*)2 (p+d+38+r) 2y (W I* St .
= - W8+ ——5——-W 7 (I=I")*4(WaBpr =W B o) (=S (I-1")
W
+—2Ml—r1J[E—E*)(I—I*]
And we obtain this inequality:
I (S — S*)2 (pp+d+d+r) 9
< W=+ p)———— — Wa- —(I —I")"
IPAN T S : i ~ *
s ) W

o t’mg—u D[S*(S = S*) (T = I* P15 = S* (1 — 1% ]+_21 1—r)(E—E*)(I—1*)

For W; = W, =1, and with the fact that is small we deduce that:
av
gt <0

We also have:
& -0 if S = 5* and I=1*

df

Hence by LaSalle’s invariance principle [7], the endemic equilibrium is globally asymptoti-cally
stable on A.

3. STOCHASTIC MODEL

The deterministic model and the dstochastic model have the same equilibria. Through this paper, let
(Q, F,{F};>0, P) be a complete espace with filtration satisfying the usual conditions (i.e. itis a right
continuous and increasing while Fg contains all null sets). We define the differential operator L

associated with 3-dimensional stochastic differential equation:
dx(t) = F(X (1))dt+ o (X (1))dB(t) (4)
Where¢p = (¢;),i = 1,.,3 islocally Lypchitz function.B is a three Brownian motion and
A— L‘J% — Iu-f;
FX)=| BL=p)F +r2l = (u+k(l—r1))E
Bpak + k(1 —r)E — (p+d+ 6+ 1)1
If V(x,t) is a Lyapounov function, we define the action of L on V by:

1
LV () = Vi(er, t) + Voo, 6) f (2, 8) + Strace[p! Vs (x, )0 (i, )]

where

av lr 81'. gy av

82V
Br " Bra 1'5‘1'3:" and ars f

) 1,j=1,2

Cfl' D’I‘

with reference to Afanasev and al.[1], the following theorem holds.

Theorem 4: .

. . V(t,x) e CLAR,R™

Suppose that there exits a function [ ) € [ )

and two real positive continuous functions a and b, and a constant K such that, for |x|] < K
satisfying the inequalities
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a(|X]) = V (t, X)=b(|X|)
(1 if LV (t, x) < 0, then the trivial solution of (4) is stable in probability,
(i) if there exist a continuous function 1: R% — RY, positive on R, such that
LV< A(|x])
Then the trivial solution of (4) is asymptotically stable.
Note that for stability definition, we refer to Afanas’ev and Al.

Proposition 2: (9)
[+]
Let g be locally Lipchitz function such that supp ¢ CA Then the set
A 1s stable by ()
Theorem 5: Assume that 8 < u, @, < a3 and (a3 — a;)(k+r1) < ayu holds. Then for any
L]
locally Lipchtz function g such that supp ¢ CA and
gt =0,(5— %)2 where £</1
the disease free equilibrium [}—:‘ 0,0) s globally asymptotically stable.

Proof: Let up = (S—%) and up =E and u3z =1 and consider the Lyapounov function

V1 = %alu% + arUy + asus (5)
Where aj are real positive constants to be chosen in the course of the proof.
-0V (11 + 2 )ug _ ur + L)ug _ . .
'Tt,—l = ay[—f——L— — pugug + ag[B(1 — p)——E— +rgus — (4 k(1 —r1))uy]
o N N
~(ur + %]?!3 _ _
t'}'g[{ﬁ}# + k(1 — ryjug — (p+d + 6 + ro)ug]
ug + %j'i!yh‘g . . _
= —my {7‘+ —apuj — (ogp+ (e —ag)(k+r1))ug —ag(p+d+ 0+ ra)ug
g + %J'ua
+{cg + (g — a-gjg.:j_:.'.?JT + oty

One has now

OV )
LVy = ff— +ayq?
2=1 e 19

(g + %]ul-ug , .
S - appuy] — (o + (oo —as) (b + ) jus —as(p+d+ 6 + 2 )us

“ N
f A
(g + F)?fg

+((ag + (g —ag)p) ) + cvgrguig + <‘1»'1|‘.?-uf

N
) (wn+ SJuiug - . . . .
LV, = —a-15+—[a”s—rvlﬁjul—{ﬂ-l;f—l—Ln-g—crgj[k—l—rlJJug—ﬂ-g(;s—I—rf—l—ﬁ)-u3—[(1-3—(}-2):'2?33

- _ g %]133
4+l 4+ (g — g J'P“ﬂfr}

.'J\
(21 + }—ijm-ug

{_: —¥] A- N

—(t'n,u—(‘Hb’)-u%—(n-“s—I—[('rg—n-gj[f.'—l—r'1 Nug—agl ptd+d)ug—(ag—ag)raus

According to the preceding theorem 3, the proof is complete.
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3.2 Stability of endemic equilibrium

We assume that stochastic perturbations of variables around E, = (S* E*,I*) are of white noise
type, which are proportional to the respective distance of S, E and | from S* , E* and I* .see [12].

So system (1) transformed into:
dS = (A — i"‘f —#;H‘J+a1[5 — SYdBy(t)
dFE = (5(1 —p‘.l Lyl — (g4 E(1 —r ) ) E)dt + a3 E — E*)dBs(t)
dI = (Bp3L + m —r)E —(p+d+ 64 ro))dt + os(I — I*)dBs(t)

(6)

Where Bj (t) i=1,2,3 is 3-dimensional Brownian motion and oj = 0, i=1,2,3 represent the
intensities of Bj_.

The system of stochastic differentiable equation in (5) can be centered at its interior endemic
equilibrium by changes:

U1 =S—S*, U2 =E—E*,U3 =I—I*
The linearization around this endemic equilibrium take the form:

du(t) = flult))dt + @lu(t))dE(t
Where u(t)=col(u4 (t), u,(t), us (t)) and

aqug O 0
o) =1 0 aattg 0
0 0 Tgilg
- ?— —u 0 —3%
J(Ey) = {l—j‘_l]? —(pp 4+ E(1 —rq) ?[l—jﬂ +|'g
Ef-p% (1 —1ry) Ap= N [,u +d+ 0+ 9]

and f(u)=J(E,)u(t). Note that The endemic equilibrium corresponds to the trivial solution of
u(t)=0.

Theorem 6: Assume that of < 2 (Blﬁ + M). of <u+k(l—r) and of <2((u+ d + 5+ry)-
,va—*), for any locally Lipchitz function g such that ¢#(S,E,I) = 0y(S — S*)?, ¢3(S,E,I) =
o,(E—E*)? and ¢3(S,E, 1) =o3(I —1")? , then the endemic equilibrium is globally
asymptotically stable.

Proof: Let consider a Lyapounov function V(u)=%(a)1u%+a)2u§+a)3u§) are , where (w;), i=1,.,3
are real positiuve constants to be chosen in the course of the proof.

One has:

LViu) = —f.-_'i’f—: + ,u‘mw% — .-_'i’“q—:a.uwlug + 31 —}J]I—:wg'i!l'ug — (e (1 =7y Jwgud +
(F(1 —p] - + 73 Juatigiiz + 7'}.1 —wauqteg + k(1 — vy Jwaugus + (; ?p%: —(p+d+d+ry))wu

+ 17T f”j_ﬁ‘r”: B

. wy O 0
527, 1

:_I': 0 w 0
v 0 0 ws

and
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&7 () " dlu)=1 0 woosui 0
du -
() i waoaul

with

%Tr[r.ar[uﬁ%u[wﬂ Hwiofud + woosul + wyoiull

Finally one obtains

LV = ['J*r + - E]wﬂl% B5 (wy — pus)uqug — [;1 —I—I'fl—r'ﬂ—%ij U3
—((pe+d+d+ry) — -.'fj.JT — %gng-u% + (wa (1 —p] + 73 ) + wak(l — ry) )Jugus
+4(1 — g_:j:%wg-uyug

(7)

2

If we choose in (7) w1 =Ppw3 and in the fact that u; is locally Lipchitz function, we obtain

the following inequality:
- l-'l LI E
LV < —( 7‘— + = ‘.Iw1u1 — ib (w1 — pws)urus — (p+ k(1L —r1) — —Ql]wgﬂ%
2
—((p+d+d4+r2)— ﬁ-p? — JQ wa Jul
By theorem (6) the proof is complete.

4 COMPUTATION SOLUTION OF STOCHASTIC DIFFERENTIABLE EQUATION

Now we take account of stochastic method of E.J.Allen and al. for evaluating the transition
probability density for the process which is the solution of one stochastic differential equation.
To form the SDE model, we will calculate E(AX) and E((AX) (AX)) The evolution of
population is according to the rates on the following table:

Tablel. Compartment changes in a small time period A t

Transition u:-01111}¢}11r_511t 1}1‘0:;:{3.% Probabilities
S —+ S-1 - 1 ] pSA T
S— 5-1 [-1.1,0] (1 —pﬁp LAT
S — 5-1 [-1.0,1] 'Ip .-l'l..t
E — E-1 [0, 1,-1] r;f;‘. t
E — E-1 [0,-1,0] pE AL
E — E-1 [0.-1,1] El—ri) EAt
[ =11 [0,0.-1] (ot +d+ 06+ rq) TAL
The mean of system is given by
A—p S*r
EX)= {1—;:) -I-I?f—[;i-FnEfl—Il”E At.

;;{+£(1—:1}E

and the comatrix is given by:

A+ ?——I—Ju‘a ?(l—pj‘% 0
E(X{t)X(t) =] -4l —p)f’j A1 —pjs + ol +pFE —E(1 —r ) B —rod | At = GAL
—Bp5L — k(1 —r)E — ol (p+d+d6+rg)l

(p4d+ 04 r9)]
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(9)
It has been proved in that X(t) is normally distributed. Then,

Xt 4+ At)+ E(X () At + VG AL~
where ~ € N(0.1), for i=1, .3

and when At — 0, X(t) converges strongly to the solution of stochastic system :

dt dt (10)

and the next step is to calculate VG in the form G=HH” . One will uses Allen and al. technique [3,4]
based on the calculate of H=PD/2PT if G is a symmetric positive definite matrix. In our model G is
a 3X7 matrix , not symmetric. Hence we will use the equivalent stochastic differential equation as
follow:

4.1 Equivalent SDE
The system (5) will be changed into SDEs in the form :

dX (1) = F(t, X (£)W(t) + G(t, X (£))dW (¢)

F(t,X(t)) is called the drift function or deterministic, G(t,X(t))=(/1j,i1?1/2) for i=1,..,m j=1,..d is called
dispersion function or diffusion and dW(t) is the Brownian noise.

Using the second modeling procedure of Allen and Al.[4] we get an equivalent to the preceding model
as follow:

{ dX(t) = F(X(t))dt + H(t, X(t))dW (t)
) =

X{0) = [X1(0), X2(0}, X5(0)]
(11)
A p —B1—p3E —8p5F 0 0 0 0
G=|(0 0 p1-psL 0 rol  4pE —k(l—r)E 0O
0 0 0 Bp3t =l 0 E(l—r)E —(p+d+86+ry)l
12)
VR Vi —\/B0-p% -85 0 00 0
H=|0 o0 Vf_.-rm_;_;)%{ 0 Vil VpE —/E1—m)E 0
0 0 0 V”_.-r_a*pi—{ —Vrel 0 F1—r)E  —\(u+d+d+ra)l
(13)
The system becomes:

[ ds = (A — B3L — pS)dt + VAW, () + /EdWa( Vf? (1 —p)SLdWs(t) — ‘v‘f BpaEdWy(t)
dE = (B(1 — p)3L + rol — (p+ I.-(1—:-1J1Emf+vfﬂ p)SEAWs(t) + /2T dWi (1)
+V-’,cTEdH-' (t) — (1l —r ) EdW=(t)

dI = (3p3t +Ml—a1JE (1 +d+8+72)l)dt + 4/, BpaEdWy(t) — /raldWi(t)
A E(1L = r ) EdWg(t) — /(e + d + 8 + ro) IdW5(2)
(14)

4.2 Computational method and results

In this section, computational results are given for the stochastic system. We use the Euler-
Maruyama method mentioned in Higham.
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+\f"'ﬂ£|\.-"'{?_|?6k(ﬂ -

Sk+1 = c’lk + .Ir?f_\ — ?i—{ — Ii!-gj,'ﬁf + V’ﬁl’\\a"ﬂihk(f] + V‘Fil}gk[ﬂ

Ep1 = Ex+ h(B(1 — p)3L 42l — (p+ k(1 — 1)) E) + V’E(v

'I‘[l — "N JEV"F_?'I-;CH”

Iy

Iipr = L+ R(BpSE+ R(1 = r) E — (u+d + 5 + ro) 1) + VR V Bp3Ene(t) — Vralnse(t)
+/ Bl —r ) Enm(t) — \/[',u +d 48+ o) Insi(t))

The following parameters are taken from [5] :u = 0.101, r1 = 0.01, 6 = 0.16288,
ro = 0.81862,d =0.0022727 p = 0.1, S(0) =1000, E(0) = 200 and 1(0) = 100.

nk are the gaussian random variables N(0,1).

The simulation results are depicted in following figures:

Example 1:

— -V L‘f[ —p]i—{?flgk(ﬂ — V £ Pi—{?f‘aik(f:”
BL = p)F /gy (8) + V2L /i, (1)

(15)

For p = 2,k = 0.005 we obtain Rg = 0.27387 < 1 .and the following figures 1 and 2 show

that the desease will become extinct.

Tablel. Mean and standard deviation for ODE epidemic model and SDE epidemic Model at t=516

Models Variables (Xj) E(X) o(X)
S 1075 0
Ode E 337 0
| 2 0
S 796 80,36
SDE E 89 41,76
| 1 8,95
1200
- S (Susceptibles)
1100 + —— I{Infected)
1@_- —— E (exposed)
200
£00 4
o -
™ 700 -
=
=
= 800
=
c
m 3004
= .
400 -
300 -
200 -
100 4.
4 '“-—-_________\_\_
o 1 | I ] I I I
0 1 2 4 5 8 7 8 g 10
Times
Fig.1. represents the solution of dynamical model with Rg <1
International Journal of Scientific and Innovative Mathematical Research (1JSIMR)
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1200

1100
1000
000’

800 4 |

MB Individuals

& (Susceptibles)

— I {Infected)

—— E (exposed)

Example 2:

For B = 20, we have Rg = 2.7387 and on figures 3 and 4, the desease will persist.

Times

Fig 2. represents the solution of stochastic model with Ry < 1

Table 2. Mean and standard deviation for ODE epidemic model and SDE epidemic model at t=516, for

Ro = 2.7387
Models Variables (Xj) E(X) o(X)
S 202 0
Ode E 1178 0
| 18
S 411 32,86
SDE E 534 61,59
| 5 7,43
1400
5 (Susceptibles)
— I {Infected)
1200 + —— E{exposed)
1000 <
o
T 800-
=)
=
=
=
m %007
=
200 =
200
o ! I L] I L] !
o 1 4 5 8 8 ]
Times

Fig 3 represents the solution of stochastic model with Ry > 1
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Texance MBAYA et al.

1 400
S (Susceptibles)
— I {Infected)
1200+ —— E({exposed)
1000
w
4}
= 200
=
= -
L=
=
m GO0
=
400 —
200 —
o T T T T T T T T T

Times

Fig 4. represents the solution of stochastic model with R, > 1

5 CONCLUSION

In this paper, we have considered a stochastic model tuberculosis model. The sta- bility of the
positive equilibium and the existence are investigated by Lyapounov func- tions.Deterministic and
equivalent stochastic models are presented. Finally some numeri- cal simulations are also included
to testify the validity of the theoretical results. It appear that deterministic and stochastic models
have the same trend.
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