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Abstract: The paper explicates to derive a series solution in a special case of ecological Ammensalism. In this
model the harvested Enemy species is considered. Unlimited resources are given to Ammensal species. This
model is formed by a couple of first order nonlinear differential equations. The series solution is obtained by
utilizing homotopy analysis. In addition to this numerical solutions analyze various possibilities of interactions
between Ammensal and Enemy species
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1. INTRODUCTION

Homotopy Analysis method mainly aims to supply a convergent series solution for nonlinear
differential equations.The special features of HAM are flexibility on choice of base function and
initial guess of solutions.It has been employed in many fields of science and technology. Homotopy
analysis method involves Taylor’s series which helps to represent the functions as a power series. In
the concept of homotopy,it helps to provide a connection between different systems. HAM was
developed by Liao[4-7 ].HAM consists of Euler transforms which a can provide convergent series
solution.Later few mathematicians like Liao. Abhashandy [1], Hilton,P.J [2], Liao Shijun [3]
discussed the applications of HAM for enhancing computational efficiency to derive multiple
solutions of nonlinear problems. HAM is defined to be independent of small and large physical
parameters.

HAM method is atmost valid procedure for getting a guaranteed convergence of solution series. It has
a large freedom to consider any type of equations which divides into many possible linear sub
problems.

2. BAsiC IDEA OF HOMOTOPY ANALYSIS METHOD
Step (1): Let us consider nonlinear differential equation:

Au—-fr=0reQ 0]
With the the boundary condition

B[u,a—uj=0, rel’
on

where Ais a general differential operator, B a boundary operator, f r is a known analytic function,
ris the boundary of the domain < and ;indenotes differentiation along the normal drawn outwards

froma.
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Step (2): In general the operator A, is divided into two parts: a linear part L and a nonlinear part N.
Therefore above differential equation(l) is expressed in the form of

Lu-Nu-fr =0 (1)

Step (3):
With the help of homotopy Analysis, one can constitute a homotopy v r,p :Qx 0,1 —Rwhich
satisfies

Hv,pzl—p[Lv—L Uy ]+p[Av—f r]:O,pe 01.,reQ am

It is nothing but
Hvp=Lv-Lu +pLu, +p[Nv —f r ]=0 (V)

where pe 011is named as an embedding parameter ,and u,is an initial approximation of
equation(1),which satisfies the boundary conditions.

Step (4): Then equations (I11), (IV) follow that

Hwv0=LVv-Lu, =0

and H vi1 =Av —f r =0

Thus the changing process of p from zero to unity is just that of v r,p from u, r tou r .

Step (5): According to the HPM, we can first use the imbedding parameter p as a ‘small parameter’
and assume that the solutions of the equations (I11) and (1) can be written as a power series in p :

VEV+HPV, PPV, PPV P, oo
The approximate solution of equation (I) can be obtained as

U=Ltv=vy+v, +V, +V, +V, + ——————————
p—1

3. NOTATIONS ADOPTED

N; (t) : The population rate of the species S; at time t
N, (t) :The population rate of the species S, at time t

a; : The natural growth rate of S;, i = 1, 2.

Qi : The rate of decrease of S;; due to its own insufficient resources ,i=1,2.
a1 :The inhibition coefficient of S; due to S, i.e The Ammensal coefficient.
Hx(t)  :The replenishment or renewal of S, per unit time

h, :ax Hy is rate of harvest of the enemy.

The state variables N; and N, as well as the model parameters aj, a,, a1, azn, Ki, Ky @ , h;, h, are
assumed to be non-negative constants.

4. THE BASIC MODEL EQUATIONS
dN1

T a1N1-a12N; N> o
dstz = azNZ‘aZZsz_azsz With N, (0) =¢y, N, (0) = ¢, (2)

with the conditions N, (0)=N,,>0,i=12;
A homotopy system of (1) & (2) can be constructed as

Vlll— le 01"‘ p (leof— a vy + a12V1V22) =0 (3)
Vo —Nao™ +P (N2o — a2 Na+ an N, +a,H,) =0 4)
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the initial approximations are assumed as

Vio (t) = Nyot) = va(0) = ¢ (5)
V20(t) = Noo(t) = v2(0) = ¢, (6)
and vy (£) = vio () + pvia(t) + pAvia(t) + pPvas(t) + pvaa(t) + ... (7)
V2 () = Voo () + PV2a(t) + pVaalt) + pPVas(t) + pivaa(t) + ... ®

here v; ;(i=1,2, j= 1,2,3,...) which are to be determined by substituting (5),(6),(7),(8) in (3) & (4),

After doing this, we obtain

Vio'(t) + pviat(t) + pAviot(t) + pPvast(t) + pivisi(t) + .. .. - Nio'(t)

+ p[No" — ar(Veo(t) + pvia(t) + pAvia(t) + pPvas(t) + pivaa(t) + .....) +an(Vio(t) + pvi(t) +pvia(t)
+p3V113(t) + p4V1,4(t) + . ) (VZ,O(t) + sz,l(t) + pZVZ,Z(t) + p3V2,3(t) + p4V2,4(t) + ... )] =0 (9)
Vzvol(t) + pVZYll(t) + p2V2121(t) + p3V2,3l(t) + p4V2,41(t) + o= Nzyol(t)

+ P[N2o'(t) — a2(V2,o(t) + Pv2.a(t) + pAVaa(t) + pPvaa(t) + p'vaa(t) + .....) +az(Vao(t) + pvaa(t) +pvaa(t) +
p3V213(t) + p4V2,4(t) + . ) (Vz,o(t) + sz,l(t) + p2V2,2(t) + p3V2,3(t) + p4V2,4(t) + ) + angg] =0 (10)

From equation (9)
0+ pvis'(t) + pAvi2'(t) + pPvas'(t) + p'vis'®) +..... -0
+ p[O - alvl,o(t) - alpvlll(t) - alpzvllg(t) -dg p3V1,3(t) -adg p4V1,4(t) oo

+ A Vio(OV2,o(t) + P s Vio(t)Va(t) + p? s Vio(tVao(t) + p° aso Vio(tVas(t) + p* are Vio(t)Vaa(t) +
o FpaVg (1) Vaolt) + p° aiVis (V21(t) + p° asvis (OVa(t) + p* asavis (OVa2a(t) + p° anvia
(t)V214(t) + ...

+p” a1V 2 (1) Vaot) + p° asaViz (YVau(t) + p* asviz (HV22(t) + p° @12V 2 ()Vas(t) + p° asaVia (DVault) +
et D% A1V (1) Vaolt) + p* AsaVis (DV21(t) + PP asoVis (DVo2(t) + p° asaVis (DV2s(t) + P aaVis
(OV24(t) + ...t p* a1Vag (1) Vao(t) + p° AsaVia (DVo,u(t) + P asoVaa (Vaa(t) + p’ asVia (DVaa(t) + p°
apVia (DVas(t) +.....]1=0 (11)
From equation (10)

0+ pvy'(t) + pAvaoi(t) + pvasi(t) + pivasi(t) + .....— 0

P [0 —a Va(t) - P aaVaa(t) -p® @aVa (1) - p° aaVas(t) - p* apvoa(t) - ...

+ap, Vo 02(t) + pags Voo(t) Var(t) + p 2apVao(t) Vao(t) + p° axVao(t) Vas(t) + p* axVao(t) Vau(t) + .....

+pag Voo(Va1(t) + p?az Var(t) + p 2apVaa(t) Vao(t) + p* axVau(t) Vas(t) + p° axnvai(t) Vau(t) + .....
+p? @z Vo o(t)V2o(t) + p* @z Vor(D)Vao(t) + P “azVa () + P° asaVao(t) Vas(t) + p° aznVas(t) Voslt) + ...
+p° @z Vo o(t)V2,3(t) + p* @z Vor(D)Vas(t) + P 2anVas(t)Vao(t) + p°ax Vas’(t) + p’ anVas(t) Vaoslt) + ...
+p* 8z Vao(t)Vaa(t) + P° 822 Vo1 ()Vau(t) + P *azaVaa(t)Vaalt) + P’ azVaa(t) Vas(t) + p° az Vaa’(t)

.. FaxH] =0 (12)
By comparing the coefficients of various powers of p in equation (11) & (12),

Coefficient of p*:-

V11" (t)-a1va o(t)+asaVa o(t)Vao(t) = O

Va1 (t)-82V2o(t)+azaVo o (t)+azH,= 0

Coefficient of p*:-
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V12t (t)-agVa 1 (t)+asaVa o(t) Vo 1 (t)+asava 1 (H)Voe(t) = O

V2" (t)-82V2, 1 (1) +az2Vo o) Vo 1 () +az2V2 o(t) V2 1 (t) =0

Coefficient of p*:-

V1 3 (t)-a1 V1 2(t)+asaVa o(t)Va 2(t)+araVa 1 (D)Va 1 () +a12va 2(H)V2o(t) = 0

Va3 (1)-82V2 2(t) +apaVa o(t) V2 2(t) +a22V2 1 () +agaVa 2 (Vo o(t) = O

Coefficient of p*:-

V1 41 (t)-a1 V1 3(t)+asaVe o(t)Va a(t)+araVy 1 (D)Va 2(t) +a12Va 2 (D) V21 () +a12Va s(E)Voo(t) =0
Va4 (t)-82V2 3(t)+aoaVa o()V2,3(H) +2820V2 1 (D)2 o (1) +agaVa s (D)Vao(t) = 0

Now Vlyo(t) =Cq, szo(t) =Cy
t t
Vl,l(t) = alfo Ulyo(t) dt -ap fO Ul’o(t)Vg’o(t) dt
= (alc —312C1C2)t
e Vl,l(t) = (31-3.12C2) cqit
t t t
V2,1(t) =d fO Uzyo(t) dt-azz fO Ug’oz(t) dt-aggHz fO 1dt
= (azcz'azzczz‘azsz) t
s Vo 1(t) = (82C-a2C, -a2H7) t
t t t
V1,2(t) =d fO Ulyl(t) dt-alz fO Ul‘o(t)Vg’l(t) dt-alz fO Ul‘l(t)szo(t) dt
£2 2 2
= (a1-212Cp) (21-212C7) C1 S " ant (a2C2-822C,™-820H>) Y
* t2
v Vio(t) = [ (al‘alzcz)z‘alzcl (azcz‘azzczz‘azsz)] 5
t t
Vzvz(t) = azfo Uz,l(t) dt-2a22 fO Ug,o(t)Vg,l(t) dt
2 t? 2 t2
= a2 (82C2-822C, -aoH>) —-282:C (82C2-a22C5"-825H2) -
2
v Voo(t) = (ax-2a2:C2) (aZCZ'aZZCZZ'aZZHZ) %
t t t
Vlvg(t) = alfo Ul,z(t) dt-alz fO V1o (t)Vz]z(t) dt—algfo Ul,l(t)szl(t) dt
t
- 212 f) V12()V20(t) dt
3
= (ar-a2Cy) [C1 (al'alZCZ)z'alZCl (azcz'azzsz'azsz)] %
3
-d12C1 (aZ'azzczz'azsz) (a2-2a2,C,) %
2 t3
- 812C1 (A1-212C2) (82-822C2 -a22H2) 3
s via(t) = [(ar-a12C2) [C1 (al'alZCZ)z' a12C1 (azcz'azzsz'azsz)]
3
-a12C; (aZ'azzczz'azsz) [(a2-2a2,C;) + 2(a1 - a12C7)]] %
t t t
Vzvg(t) = ap_fo Uzyp_(t) dt - 2a, fO V20 (t)szz(t) dt — azzfo Uzylz(t) dt
2 2 t3 2 t3
= (82-2822C7)” (82C2-822C2 -a20H2) o a2 (82C2-822C2 -820H>) 3

* t3
ve Vpa(t) = (azcz'azzczz-azsz) [(t'=12'2t'=12202)2 -2ay (aZCZ'aZZCZZ'aZZHZ)] o
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V1a(®) = auf, v1a(t) dt-ass [ vio(OVaa(t) dt-asf, via(Vaalt) dt
- apf; v1a(tVaa() dt- asf) via®Vaolt) dt
= (a1-a12C7) [(a1-a12C2) [C1 (al'alzcz)z' a1oCy (a2C2-a22C22-a22H2)]
- d12Cy (aZCZ'aZZCZZ'aZZHZ) [(a2-2a2.C,) + 2(a1-a12C5)]] g
- d12Cy (aZCZ'aZZCZZ'aZZHZ) [(a2-2a22C2)2— 22 (azcz'azzczz'azsz)] 5
- 812C1 (1-212Cp) (2-2822C5) (aZCZ'aZZCZZ'aZZHZ) %
-a[Cy (al'alzcz)z'alzCl (aZCZ'aZZCZZ'aZZHZ)] (azCz'azzczz'azzH 2) g

e vi4(t) = {c1 [(81'81202)2'81201 (azCZ'azzczz'azsz)]
[(81'81202)2"‘ 3a, (azCZ'azzczz'azzH 2]

- (aZCZ'azzsz'azsz)[81202[(32'262202) + 2(a1-a12C,) + (a2-2a2202)2
4
- 2ap (aZCZ‘azzczz‘azzH 2) + 3(a1-a12C2) (a2-2a2:C2)]1} ;—4
t t t
V2'4(t) = azfo U213(t) dt — axnc; f() V23 (t) dt - 2a22f0 Uz‘l(t)Vz‘z(t) dt
4
= (a2-2a:C,) (32C2‘322022‘322H2) [(32'2322C2)2 — 2ax0C; (32C2'322022'322H2)] ;—4

2 2 t*
-2022 (82-2822C7) (82C2-822C2-822H2) -

* t4
Yo Vou(t) = (82-2825C2) (82Co-822C5 -822H2)[ (8-282C2)” 88, (82C-85C,™-a2H)) ] )

When approximate terms are considered up to four terms, we get

4

M(©) = lim o1 (6) = ) 91.6(0) = 01,0(8) + 131(0) + 01 (0) + 91,300 + v,4(0)
sz

M = lim v(6) = D 02000 = 20(0) + 20 + 1220 + 0220 + 1240
x=0

The solutions are obtained by Homotopy analysis as follows,
‘o Ny(t) = €1 + (ar-a5C2) Cat + [C1 (A1-812C2)*A12C1 (32C2-822C2 -Az2H7)] tz—z
+ [(a1-a12C) [C1 (A1-212C2)°- 812C1 (B2C2-822Co a22Hy)]
-a15C1 (32-822C2™-320H2) [(82-2822C2) + 2(a1- A12C)]] ?

+ {1 [(a1-815C5)*-212C; (82Co-822Co-a55H2)]
[(al'a12C2)2+ 3a1 (aZCZ'aZZCZZ'aZZHZ)]
- (22C2-822Co™agoH7) [212Co[ (82-2850C2) + 2(81-815C2) + (82-28722C2)°

t4—
- 28 (aZCZ'aZZCZZ'aZZHZ) + 3(a1-a12Cy) (a2-2a2C,)] 1} 2%
* t2
v No(t) = c, + (aZCZ'aZZCZZ'aZZHZ) t + (a2-282:C2) (aZCZ'aZZCZZ'aZZHZ) 5
t3
+ (aZCZ'aZZCZZ'aZZHZ) [(f712'2<'=122(32)2 -2ay (aZCZ'azzczz'azsz)] o

t4
+ (a2-2ax:C,) (azcz'azzczz-azsz)[ (32'2322(32)2 -8a; (aZCZ'azzczz'azsz) ] 2
5. NUMERICLA ILLUSTATIONS

The nature of the ecological model is to be identified with a set of numerical solutions which can be
illustrated in a course of specified time interval.
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The fixed parameters are considered as a;,=0.6, a,=2.9,a,,= 0.4, H,=0.9, ¢ ;=2.5 and ¢,=2

The varying variable is a; i.e a;= from 1.5 t0 3.5

and then t* is derived(1.75,1.02,0.73,0.58,0.48,0.41,0.35,0.31,0.28,0.25,0.23,0.22,0.19,0.17,0.16)
The obtained solutions are illustrated from Fig. (1) to Fig.(21).

Case(1):1n the case where natural growth rate of Ammensal Species is less than the growth rate
of enemy species(a;<a,)-From Fig(1) to Fig(14)

o
o
o

== Ammensal
Enemy

45t ==Ammensal
Enemy

4.5 ==Ammensal
Enemy

o o 4 y ¢
z z Z
235 £35 235
o o ja
z z z
3 3 3
25 25 25
Y s 115 2 a5 3 A5 1 15 2 25 3 (I U B
Fig.(1):time(t) Fig.(2):time(t) Fig.(3)timef()

o
o
o
o

== Ammensal

15 Enemy 450 ==Ammensa S5 = Ammensal
Enemy Enemy
s s 45 =175
N N N
z z z 4 l
235 235 2
3 3 S35
z ] z ] z
3
25 25 25
Y05 115 2 25 3 s 115 2 25 3 Y05 1 15 2 25 3
Fig.(4)time(t) Fig.(5):time(t) Fig.(6):time(t)
6 [ 1 7
’ ==Ammensal
== Ammensal 6 == Ammensal 6 Enemy
5 Enemy Enemy
z 25 25
H =102 E E
E E 0073 k
z ] z4 = 24 =058
3 / 3/l 3 ]
D 05 1 15 2 25 3 20 05 1 15 2 25 3 D 05 1 15 2 25 3
Fig.(7):time(t) Fig.(8):time(t) Fig.(9):time(t)
8 [ 9 9
== Ammensal
- g ==Ammensal
7 /é\mmensal Eneny Enemy
nemy 7 1+
NG [\ N
z Zyg 26
T T T
ch c c
A =048 . =035
f 4 te04L p
3 4 3 ‘ 3 ‘
- >~ 4
9 05 1 15 2 25 3 b 5 1 15 2 25 3 9 05 1 15 2 25 3
Fig.(10):time(t) Fig.(11):time(t) Fig.(12):time(t)
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10

==Ammensal
g~ Enemy

Nland N2
=

Nland N2

10

==Ammensal
Enemy

Nland N2

~

==Ammensal
Enemy

[*:025/
|

L L L L

=)

05 1 %52 25
Fig.(13):time(t)

=)

05 1 15 2 25 3

Fig.(14):time(t)

=)

05 1 %5 2 25
Fig.(15):time(t)

3

Case(2): In this case where natural growth rate of Ammensal Species is greater than or equal to the
growth rate of Enemy species(a;>a,) -From Fig(15) to Fig(21)

12 1 14
= Ammnesal = Ammensal o Ammensal
10 Enemy 10 Enemy Enemy
10
2 28 Z
ke] ke] ke]
c c c 8
3 3 3
z 6 z 6 Z
6
1*=0.23 t*=0.22 r=019
4 T 4 4
- o’ o
9 w5 1 15 2 25 9 0 1 15 2 25 3 9 0 1 15 2 25 3
Fig.(16):time(t) Fig.(17):time(t) Fig.(18):time(t)
14 14 T T 16
== Ammensal == Ammensal = Ammensal
12F == Enemy 1 Enemy " Enemy
12
10 w10 N
z z Z10r
28 28 z
Y] Y] [}
o o 4 8
z z z
6 t+=0.19 6 o
t*=1.07 t*=0.16
4 ’/I/ 4 ]/ 4 i/
- el -
2O 05 1 15 2 25 3 2O 05 1 15 2 25 3 D 05 1 15 2 25 3
Fig.(19):time(t) Fig.(20):time(t) Fig.(21):time(t)

Conclusions:
Case(1):From Fig(1) to Fig(14)
The following results are obtained

(i).Ammensal species prevails over enemy species initially and there is no interaction between the
species. The Enemy species has no sufficient growth rate. Afterwards, Ammensal falls down in it’s
growth rate by the influence of Enemy species.

(ii).Enemy species gradually reaches a position of having steady fast gain than the growth rate of
Ammensal species. In the course of time, it is observed that the Enemy species has a steep raise after
dominance reversal time (t*).

Case(2):From Fig(15) to Fig(21)
The obtained conclusions are specified as below:

(i).Ammensal species is dominant over the Enemy species up to time distinct(t*). After the dominance
reversal time, the Enemy species commands Ammnesal species by pulling it to less growth rate in the
course of time.
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(if).Ammensal Species acquires a considerable growth rate at initial stage and slowly arises. It
eclipses the enemy species up to t*, after which the enemy species exceeds Ammensal species and the
enemy species has a steep rise where as there is no appreciable growth in Ammensal Species.

6. OVER ALL CONCLUSIONS

Ammensal model with harvesting for Ammensal species and unlimited resources for Enemy Species
is formed by a couple of first order nonlinear differential equations. A series solution in a peculiar
case of ecological Ammensalism is obtained by Homotopy Analysis. Some numerical solutions are
utilized for analyzing various interactions between Ammensal species and enemy species
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