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Abstract: Fuzzy difference equations initially introduced by Kendel and Byatt [1,2]. An important effort to
study of equations has been made by Buckley[3]. In this work we apply the method of fuzzy difference
equations to study same problems in finance. As a source of different cases of finance equations we use the
work by Chrysafis, Papadopolous, Papaschinopoulos [4,13,16,17]. To illustrate the applicability of the
method we give numerical examples.
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1. INTRODUCTION

Fuzzy difference equation has been growing rapidly developed for the many years. To solve the
difference equation is by finding a sequence that satisfies the equation. Chrysafis, Papadopolous,
Papaschinopoulos [1,14,15,16 | in their study about the fuzzy difference equation of finance. The
fuzzy difference equations initially are introduced by Kendel and Byatt [1,2,18,19]. Also, the
fuzzy difference equations and their applications are studied by Buckley [5-10,20]. In this paper,
we will review the fuzzy difference equations and numerical solution of their application in
finance.

2. PRELIMINARIES
2.1 Fuzzy Numbers

The most popular kind of fuzzy numbers is triangular fuzzy numbers. Following representation is
interpreted as membership function [11]

(x—a

,a<x<b
b—a
—Jlc—x

o () , b<x<c
c—b

tO, otherwise

o¢-cuts of u can be found as

[ule =[a+ (b —a) x,c — (c — b) «]
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2.2 Fuzzy Sets

Fuzzy set is sets whose elements have membership function. Fuzzy sets were introduced by Lotfi
A. Zadeh in 1965[1]. If A is a function from R = (0, ) is to interval [0,1] then A is valued as a
fuzzy set.

Ais  convex, if for everyt €[01], and x;,x,we have A(tx; + (1 —t)x,) =
min {A(x;), A(x,)}.Ais normalized if there exists an x € R¥such that A(x) = 1, if A is a fuzzy set

by a cut, a € [0,1] we mean the sets [A], = {x € RT: A(x) = a}.. It is known that A is a fuzzy
number, if the following conditions hold;

1) A is normal
i) A is convex fuzzy set
iii) A is upper semi continuous

iv) The support of A, supp A = Ugeo1)[Ala = {x: A(x) > 0} is compact. Then the a-
cuts of A are closed intervals.
Let A be fuzzy number with [A] = [A,4, A;,q]- We define a norm on the fuzzy numbers space as
follows:
l4ll = supmax{|4,q], |4r.al}
Where sup is taken for all a € [0,1] let x,,be sequence of positive fuzzy numbers such that,
[%n)a = [Lna Rnal, a€101], n=01,.
And let x be positive fuzzy number such that
[x]la = [La,Rql, a €[01]

2.3 Fuzzy Operations
If Aand Bare fuzzy numbers like,

A =[ay, by]
B = [a,, b,]

We can describe the multiplication of two fuzzy number as
A.B =1y, Bl

{]/ = min{alaz, a1b2, b1a2, ble}
B = max{a;ay, a;b; byay biby}

We can describe the division of two fuzzy number as [12]

A/B =1y, B]
. {al a; b; bl}
y_mln bz,az,bz’az
_ {‘11 a; b; bl}
f = max by ay’ by a;

2.4 Difference Equations

Let the price P(n) of a product after n years and the supply S(n) after n years. The price P(n) is
related to the supply S(n)by P(n) = a — bS(n), where a and b positive constants. In the price-
supply relation, the price lows because of a large supply in a given year.

Thus, we consider the following difference finance equation by

{P(n +1)=bP(n) +a

P(ng) = P, n=01.2,..
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If we solve the difference equation

P(1) = bP(ng) +a
P(2) = b(bP(np) +a) +a

P(2) = b’P(ny) + a(b + 1)
P(3) =b°P(ng) + a(b’ +b + 1)

P(n+1)=b""1.P(ny) + a.(b™ + b™ 1 + -+ b1 + bO)

Then we can easily prove that

1— bn+1
(b + b1+ o+ b1+ b0) = |———
1-»b
n = 1,2, ....is the solution of the difference equation
71— bn+1
P(n+1) = b"”.P(nO) + a. [ﬁ]

2.5 Fuzzy Difference Equations
If,Ppand a are fuzzy numbers, and b is constant, and the difference equation is

P(n+1)=bP(n)+a
P(ng) = Py

To solve this equation first we have to find a solution for fuzzy difference equation

5 B 1— bn+l
P(n+1)=b""1.P(ny) +a [ﬁ]
And upper and lower solution is
1— bn+l
P(n+1)=b""P(ny) +a [ﬁ]
_ _ 1— bn+l
P(Tl + 1) = bn+l.P(Tl0) +a [ﬁ]

k, a, b are fuzzy numbers, and the difference equation is
P(n+1)=bP(n)+a
P(ny) = kP,
Ifb. k = ¢, differential equation turns to
P(n+1)=¢P(n)+a

To solve this equation first we have to find a solution for fuzzy difference equation

B(n) = é".P(ny) + [11__6? ]

And upper and lower solution is

n

P(n) = c"P 1-¢
P() = ¢ <no>+g[1_£]

P(n) =¢".P o
n)=c. (n0)+a[l_E]
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3. NUMERIC EXAMPLES

Example 3.1: Let us consider the following fuzzy difference equation [21]To ensure a high-
quality product, diagrams and lettering must be either computer-drafted or drawn using India ink.

{P(n +1)=3Pn)+2

P(ng) = k(1 +ng%) n=012..

According to chapter 2.5,2 = [I14+« ,3—«]and k = [« ,2—c]are the triangular fuzzy numbers
having «-level sets. Now if we substitute these x-cut sets in (4.1) we get lower and upper solution
of P(n)

P(n, ) = 3" ()P (ng) + [1__ 3 ] C(I+x)
P(n, ) = 3"(2—x)P(ny) + [1_ 3 ] .(3—x)
30 . . . . . . . . . v
_________ p(n,a) /
| ___3_3(”:-“) f;’ |
Crispy p y

Example 3.2: Consider the fuzzy difference equation [21]
Pn+1)=2P(n) +0
with the initial condition

Jﬁ(no) = E.no(l + n02)

f=[oc —1,1—c]
2 = [1+x,3—«]
L 0 =[x —1,1—«]

According to chapter 2.6 the solution is
1- (4« —oc?+3)"
1-(3-4x+x?)
71— (4« —oc?+3)"
1-(B—4x+x?)

P(n, o) = (3—)™(a — 1)P(np) + (x —1)-[

P(n, ) = (3—o)"(1~)P(ny) + (l—°<)-[
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Example 3.3: Let us consider the situation for a deposit in a bank. Bank has a limit to make
deposit stable. If the amount of deposit is under this limit, it will get some cuts. P(n)is the deposit
and z is the cutting rate during the time which deposit in a bank account. To find a final amount
of the deposit after 2 year, we have following fuzzy difference equation: [21]

Pm+1)=P(n)—-2  z>0
B(ny) = 1000€

7 =10.025+ 0.002a,0.029 — 0.002a]
k=[a2-al

Solution for this fuzzy difference equation is as follows
P(n) = P(ny) — nz
P(n) = P(ny) —nz
P(n) = P(ng) — nz

1DE“:| T T T T T T T T T
M
999.99 - R -
T
S
T
R
999.98 - TN i
R
. "
R
Eogegort I iy
=y SRR
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S,
T
999,95 - . -
e
—— -7\l o "
5999 95 | p(na) "
......... E(”vaj .
——Crigpy p
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Example 3.4 Here, deposit in a bank account is denoted by P(n) in order to get interest. Pyis the
original amount of the deposit and, I is the uncertain interest rate. This system is usually
implemented in financial actions for the deposit which getting interest by years. To find a final
amount of the deposit after 2 year, we have following fuzzy difference equation: [21]

P(n+1)=P(n)+1P(ny)
B(ny) = 2000€
I = [0.025 + 0.002¢,0.029 — 0.002«]

Solution of this fuzzy difference equation is as follows

P(n) = P(ny) + niP(ny)
P(n) = P(ng) + nIP(ny)

P(n) = P(ny) +nlP(n,)

2120 T T T T T T T T T
-—-p(n,a -~
......... /
2100 | E(ﬁ’a)
——Crispy p

2080

2060

#(n)

2040

2020

2000
0

4. CONCLUSIONS

We proved solution to difference equation of finance by using fuzzy interval arithmetic
operations. We also study the time value of money via fuzzy difference equations and different
numerical examples are shown by graphically. Further research we propose the study of nonlinear
fuzzy difference finance equation.
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