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Abstract: Inventory models in which the demand rate depends on the inventory level are based on the
common real-life observation that greater product availability tends to stimulate more sales. Previous
models incorporating stock-level dependent demand rate assume that the holding cost is constant for the
entire inventory cycle. In this model we will discuss a stock-level dependent demand rate and a storage-
time dependent holding cost and also the variable ordering cost. The holding cost per unit of the item per
unit time is assumed to be an increasing function of the time spent in storage. Two time-dependent holding
cost step functions are considered: Retroactive holding cost increase, and incremental holding cost
increase. Procedures are developed for determining the optimal order quantity and the optimal cycle time
for both cost structures.

Keywords: Inventory models, Stock-dependent demand, Variable holding cost, Optimization, Variable
ordering cost

1. INTRODUCTION

In traditional inventory models, the demand rate is assumed to be a given constant. Various
inventory models have been developed for dealing with varying and stochastic demand. All these
models implicitly assume that the demand rate is independent, i.e. an external parameter not
influenced by the internal inventory policy. In real life, however, it is frequently observed that
demand for a particular product can indeed be influenced by internal factors such as price and
availability. The change in the demand in response to inventory or marketing decisions is
commonly referred to as demand elasticity.

Most models that consider demand variation in response to item availability (i.e. inventory level)
assume that the holding cost is constant for the entire inventory cycle. This paper presents an
inventory model with a linear stock-level dependent demand rate variable holding cost and
variable ordering cost. In this model, the holding cost is an increasing step function of the time
spent in storage. Two types of time-dependent holding cost increase functions are considered:
Retroactive increase, and incremental increase.

This structure is representative of many real-life situations in which the storage times can be
classified into different ranges, each with its distinctive unit holding cost. This is particularly true
in the storage of deteriorating and perishable items such as food products and also for the
electronic items where the price of the item changes every day. The longer these food products
are kept in storage, the more sophisticated the storage facilities and services needed, and
therefore, the higher the holding cost. For example, three different holding cost rates may apply to
short-term, medium-term, and long-term food storage.

2. PROBLEM DEFINITION AND SCOPE

The main objective of this paper is to determine the optimum (i.e. minimum cost) inventory
policy for an inventory system with stock dependent demand rate and a time-dependent holding
cost and ordering cost. Assuming the demand rate to be stock dependent means the demand is
higher for greater inventory levels. Assuming the holding cost per unit of the item per unit time to
be time dependent means the unit holding cost is higher for longer storage periods. The ordering
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cost differs for every order as the prices of the items changes every day. The model that will be
developed for the inventory system is based on allowing unit holding cost values to vary across
different storage period. Variable unit holding costs are considered in the model in determining
the optimal inventory policy.

The holding cost per unit is assumed to increase only when the storage time exceeds specified
discrete values. In other words, the holding cost per unit per unit time is an increasing step
function of the storage time. Two types of holding cost step functions are considered: Retroactive
increase, and incremental increase. In retroactive increase, the unit holding cost rate of the last
storage period is applied to all storage periods. In incremental increase, the rate of each period,
including the last period, is applied only to units stored in that particular period.

2.1.Notations

g (t) The quantity on-hand at time t

R  Constant demand rate

N Number of distinct time periods with different holding cost rates

T Time

T; End time of period i, where i=1,2,3.....n Ty =0.

A; Ordering cost for the order placed within the time period t;_; <t < t;

h; Holding cost of the item in period i

h(t) Holding cost of an item at time t, h(t) = h;if t;_; <t < t;

T Cycle time

B Demand parameter indicating elasticity in relation to the inventory level

2.2. Assumption and Limitations

1. The demand rate R is linearly increasing function of the inventory level g.

2. The holding cost is varying as an increasing step function of time in storage.

3. Replenishments are instantaneous.

4. Shortages are not allowed.

5. A single item is considered.

6. Variable ordering cost

7. The demand rate R is linear function of the inventory level q which is expressed as
R(q) =R(@®))? ,R>0,0< B <1,q(t) =0.

2.3.Inventory Model

Our main objective is to minimize the TIC per unit time, which includes two components:
The ordering cost, and the holding cost. Since different orders placed for different time
periods within the cycle and for which we have different ordering cost, the total ordering

cost during the whole cycle T is given byZ}Ll—[;f and the total holding cost as follows.
L
TIC = Total Inventory Cost

IR ‘
= Z?i+?fh(t)q(t)dt (2.3.1)
0

i=1

Since the demand rate is equal to the rate of inventory level decrease, we can describe
inventory level g(t) by the following differential equation:

WO~ k@) =R (232)
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g _
(q(t)F
t

f dq(t)ﬁ = —fRdt ; Where 0 <t <T.
0 (q(t)) 0

t
1
= —Rt
[m—BXﬂofﬁL

(@) "~ (q@)
N — _

= (q®) 7 = (@ F = —R(1 - B)t
= (@) F = =R - Pt + Q1 F
qt) = (-R(1 - Pt + (Q)*=F)+

Here we have

—Rt

q(0) = Q = Initial Inventory
The periods T; can be evaluated by substituting t = T; in (2.3.3) we get:

(q(t)) P = —RA - T, + @ F =0

Hence,

@+ F o
Ti = R(l——ﬁ) fOT' 1= 1,2,3, e N
So, value of T can be given as follows
Ol

CRA-P)

1
Q=(RA-pT)1-F
2.4. Retroactive Holding Cost Increase

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

As stated earlier, the holding cost is assumed to be an increasing function of storage time, i.e.
hy < hy; <hgz.... < hy. In this case uniform holding is used and the holding cost of the last
storage period is applies retroactively to all previous periods. Thus, if the cycle ends in the period
e then the holding cost rate h, is applied to all periods i = 1, 2, 3...e. In this case, the TIC per unit

time can be expressed as

TIC =

(Ngh
>

T
;. h
i +Tn.f q(t)dt; whereT,_, <T< T,
i

0

=1

Substituting the value of g(t) from (2.3.3) we get;
n T
A h, P
TIC = Z? + 7[ (—R(1 =Bt + (Q1F)1-F |dt
i=1 i 0
n

QS - (=R - PtIT + (Q)l‘ﬁ)%
RQ2-PB)T 0

= -
i=1 "

Now substituting value of T from (2.3.5) and value of T; from (2.3.4) we get;

o~
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 NARU-B) R, (1-B)Q
e =) St =)

We will get the value of Q on setting

i=1

d(TIC) _

dQ

. (MRA-PC-PT A 2F
N

2.5. Stepwise Incremental Holding Cost Increase

The holding cost is now assumed to be an increasing step function of storage time.
According to this function the holding cost rates h, applied to period 1, rate h, applied to
period 2 and so on. Now the total inventory cost obtained as follows.

n T; T, Ty =T
A hy h, h,
TIC = Z—+—j q(t)dt + —j q)dt + .o o ceo .+ — j q(t)dt. (2.5.1)
LT, T T T
=1 0 T, Th-1
Substituting the value of g (t) from (2.3.3), we obtain:
n n h. T; 1
Z Z? f [(—R(l —ﬁ)t+(Q)1"3)W] dt
2-B

n n
A; T 1-g11=8
- _ i -B 1
Z & Z 7 [[RA= BT, + @]
Substituting the value of T from (2.3.5) and value of T; from (2.3.4) we obtain:

— ZA (RA=F) m( =0 N (s = h)(1~ B (@)~ - Rt - pyT)F
@F = n2-p) & @7FC-p) ‘

To find the guantity Q, we set the derivative of TIC with respect to Q equal to zero.

2.6. Conclusions and Suggestions

A model has been presented of an inventory system with stock-dependent demand, in which
the holding cost is a step function of storage time and variable ordering cost. Two types of
holding cost variation in terms of storage time have been considered: retroactive increase,
and stepwise incremental increase. Based on the formulas developed, it can be
concluded that both the optimal order quantity and the cycle time decrease when the
holding cost increases. The model presented in this study provides a basis for several
possible extensions. For future research, this model can be extended to accommodate
planned shortages, variable ordering costs, and non-instantaneous receipt of orders. Another
extension possibility would be to consider the holding cost as a decreasing step function
of storage time. The case of the increasing holding cost considered in this paper applies to
company-owned storage facilities, and particularly to perishable items that require extra
care if stored for longer periods. A decreasing holding cost step function is applicable to
rented storage facilities, where lower rent rates are normally obtained for longer-term
leases.
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