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1. INTRODUCTION 

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let  be a 
graph with    vertices and q

),( EVG
|)(| GVp = |)(| GE=  edges. Graph labeling , where the vertices are 

assigned values subject to certain conditions. By graph labeling  we mean  the vertices and edges 
are assigned real values or subsets of a set are subject to certain conditions. A detailed survey of 
graph labeling can be found in [3]. There are different types of labelings such as graceful labeling 
, harmonious labeling, γ-labeling, skolem labeling and mean labeling etc applied to various 
classes of graphs. In this paper  we introduce  a new labeling .We use the following definitions in 
the subsequent sections.  

Definition 1.1: Let  be a graph of order  and size m . A e-labeling  of  G  is a  one-to-
one function  that induces a labeling of  the 
edges of  defined by   for every edge  of G . The value of   
a  e-labeling is denoted by e-val

),( EVG
,0{)(G →
(f +

n

(vf
)

},...,1: mVf
[|)uv =

)( f

},2,1{)(: 2mGE →
uv

,...,3f +

G |)][)]( 22uf −
(uvf

Euv
∑
∈

+

f

= . The  maximum value of  a  e-labeling of  G   

is  defined  by  e-valmax (G ) = max{ e-val ( ) :   is  a  e-labeling of  G  }, while the minimum  
value of  a e-labeling of G  is defined by e-valmin(G ) = min{e-val( ) :  is a e-labeling of }. 

f
f f G

f )(uvf
Euv
∑
∈

Definition 1.1 [1]: For a graph G  of order  and size , a  γ-labeling of G is a one-to-one 
function  that induces a labeling  of the edges 
of   defined by for each edge uv of . Each γ-labeling f of  a 
graph  of order  and  size is  assigned a value denoted  by  val( )  and  defined  by 
val( ) = . The  maximum  value of  a  γ-labeling  of  graph  G   is  defined   by  

n

|)]

m
:'f},...,1,0{)(: mGVf →

[|)(' uvf =
n

'

},...,3,2,1{)( mGE →
G

f
G ([)] vf−(uf
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G f f

1

nK ,1 +n n

valmax( G ) =  max{ val( ) :  is a  γ-labeling of } , while  the  minimum  value  of  a  γ-
labeling of G  is defined by  valmin( )= min{ val( ) :  is a  γ-labeling of } .  

f f

nW
+n

n

G
G

nCDefinition  1.3 [3]:The wheel   is obtained by joining all nodes of cycle  to a further node 
called the center, and contains  nodes and  edges. n2

Definition  1.4 [3]:A complete bipartite graph is called a star and it has vertices and  
edges. 

1

2. MAIN RESULTS 

Theorem  2.1: Let  be a  path of order n . Then  e-valmin ( . nP 2)1() −= nnP

Proof: Let  be a path with  vertices and nP 1−n  edges. Let V }1:{)( vP in ≤ ni ≤= . 

 Let . Then size }1:) 1+vvE ii 11−n{=(Pn ≤≤ i −= n

i

m . Let  be a e-labeling of  .  f nP

nfThe vertices of the path are labelled by n nP vi if i= − ≤≤1( f

2,1{)E → )(uv+

1112) −≤−= nifiv

1) . And   induces   

that  by  for every edge uv  of   }2m

nP

,...,3,(Pn:+

nP

f |)]([| 2vff= [2 −

1+vii

)](u

(+f

}3

f

1{

path . Then the induced edge label are as follows: .  ≤i

2,...,5,3, −nThe minimum label of edges of are . 

Then  e-valmin . 2)13 −n() =2(...51() ++= ∑Pn

nP 7≥

3++) =uv( −n+f

Theorem 2.2: Let  be a path graph of order n . For every odd  integer n , 

2
3− )1()

23

=
nPn 24( − n +n

Then e-valmax    if  ,1 ≥−= kkn    and  

        =
2

3− )5( 2 +nnn3 − 2,4  if  1 ≥+= kkn

7

. 

Proof: Let  be a path with  vertices and nP ≥n 1−n  edges and where  is an odd integer. n

) Let V 1: ivi{(Pn }n≤≤= . Let }1:1 1{)(PE n

n
+f

+vv ii −≤ ni≤= . Then size . 1−m

f f

1−k

n

= n

 Let  be a e-labeling of  . Let  be the induced edge labeling of .  P

2≥

P

Case (i) [ n ] , k

n

4=

0( )1The  vertices of the path are labelled by  
2

=+nvf ; 

4
)

2
43( 2

1(1)1
+

≤
n

≤
+ iifivf i

−n
=− ; 

4
)(14)( 2 ≤≤
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niifivf i

n
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4
(12)( 41 ≤−+−
nifivf in

)1+

2

≤ i= n ; 
4

)3(11)(
2

41 2 ≤≤−=++
niifvf in i −

. 

In this case the induced edge label are as follows:  

4
)3(1)1( 212 2)(22() ≤≤−

+ niifvf ii −i −
−nv = ;  
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Case (ii) [ ] 
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Theorem 2.3: Let  be a path graph of order n . For every even integer , nP 6

Then e-valmax 2
)( =Pn

)22( 23 +−− nnn

nP 6≥n 1

 .   

−Proof: Let  be a path with  vertices and n n

}1:( nivP in ≤

 edges and where  is an even integer. 

 Let V {) }1{) 1 1:(≤= = ≤≤ −. Let + nvvP iin 1−= nm

f nP f f

nP

iE
+

. Then size . 

 Let  be a e-labeling of  . Let  be the induced edge labeling of .  

Case (i) [ ] 1,24 ≥+= kkn
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The  vertices of the path are labelled by  n
4
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2
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Theorem 2.4: Let C  be a cycle of order . Then  e-valmin . n

n n )(CV nProof: Let C  be a cycle with  vertices and  edges. Let }1:{ nivi ≤≤= . 

Let }11:1;{)( 1 −≤≤+ ni nm= vvvvCE iinn .Then size = . Let  be a e-labeling of  cycle C . 
The  vertices of the cycle are labelled by 

f n

n nC ivf i niif ≤≤−= 11)(
+f

2
1 )1)( −+ vvf n 1112( 1 −≤−+

+ nifivvf ii

+f })1(,32,...,5,3,1 2−− nn
2)1...5 −+
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.  

Let  be the induced edge labeling of . Then the induced edge label are as follows: 
; .  

f
(= n ) = ≤ i

The minimum label of edges of cycle C  by are { . n
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 Theorem 2.5: Let  be a cycle of order . For every even integer ,  

2
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 edge labeling of . The induced edge labels of C  by  are as follows: f
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1 )( nvvf n =+ ;  

2
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⎠
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+
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−
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2
)2(2 +nn

.            

Theorem 2.6: Let C  be a cycle of order . For every odd  integer , n n ≥n 3

e-valmax
2

)3)(1()( +−
=

nnnC

n 3≥n n

}1:( nivC in ≤

n . 

Proof: Let C  be cycle with  vertices and  edges where  n is an odd  integer. 

 Let V {) }11:{)( 11 ;≤= = ≤ ≤ −.  Let + nivvvC iinn nm=

f n n nC nvf n =)(

vE . Then size .  

Let  be a e-labeling  of  C . The  vertices of are labelled by  ; 

2
)1( 12

−
−vf i
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)1(1)( −

≤≤−=
niifinvf i

+f
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 . Let  be the 

 induced edge labeling of . The induced edge labels of  by  are as follows:  
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−2
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2
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⎠
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⎠
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−
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2
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           = . 

Example 2.7: The minimum and  the maximum e-labeling of cycle C  is shown in the Figure-1 
and  Figure-2  respectively. 

5

 

 

 

 
 
                                              Figure.1                                                      Figure 2 
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32)16(2)1(2)( 2
5 ==−= nC e-valmin     and 

 e-valmax
( ) 80

2
)35)(15(5

2
3)1()( 5 =

+−
=

+−
=

nnnC . 

Theorem  2.10: Let  be a star graph. For every odd integer n ,  1,1 −nK 3≥

e-valmin 4
)( 1,1 =−K n

)1)(1( 2 −− nn

1,1 −nK 3≥n 1

. 

−Proof: Let  be a star graph with  vertices and n

}1:{)1 nivin

 edges where n is an odd 

( ,1KV

ational Journal of Scienti

 integer. Let ≤≤=− }1{)( 1,1 −1:1= ≤ ≤. Let − niK n

1−= nm f 1,1 −nK 1,1 −nK

vv iE . Then size  

. Let  be a e-labeling of  . The n  vertices of  are labelled by 

2
()( 1 =
nvf )1−

; 
2

(11)( 1 ≤+ iifivf i ≤−=
n )1−

 ; 

2
(1

2
2)(

2
12

)11 −+−
≤≤=++

niifinvf in

+f 1,1 −nK +f

 .  

Let  be the induced edge labeling of . The induced edge labels of  by  are f

 as follows: 
2
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4
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⎠
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⎠
⎞

⎜
⎝
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⎠
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i
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=
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1 4
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i
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                                        =  
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+

−−− nnnnn
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4
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Theorem 2.11: Let  be a star graph. For every even integer ,  1,1 −nK 4≥n

e-valmin 4
)1()( 1,1

−
=−

nnK n

1,1 −nK

2

. 

Proof: Let  be a star graph with  vertices and 4≥n 1−n

}1:{ niv

 edges where   is an  n

)( 1,1K ineven  integer. Let V ≤≤= {)(− }11:11,1 −≤= ≤. Let − nivv in

1−= n f

KE . 

Then size m . Let be a e-labeling of  . The  vertices of  are  1,1 −nK n 1,1 −nK

labelled by
2

)( 1
nvf = ;   

2
11)( 1 iifivf i ≤≤−=+

n
 ;  
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2
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2)(

2
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−
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+
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niifinvf in
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 .  

Let  be the induced edge labeling of . The induced edge labels of  by   +f 1−n f

are as  follows: 
2

1
4
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221
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⎛
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+
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+
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4
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. 

Theorem 2.12:Let  be a star graph of order . Then e-valmax1 n
6

)54)(1
1,1

()( −
=−

nnnK n

1,1 −nK }1:{)( 1,1 nivK in

−
. 

Proof: Let  be a star graph of order n . Let V = ≤ ≤−

}1{)( 1,1 −≤≤=− niKE n 1

. 

 Let .Then size 1:1vv i −= n f

n 1,1 −nK 1)( 1

m . Let  be a e-labeling of  .  1,1 −nK

The  vertices of  are labelled  by −= nvf )2(11)( 1 −≤≤; = −+ niifivf i

+f f +f

)1)− ifin

∑
−

=

+−
)1

1
1 )(2((

n

i
ninK

.  

Let  be the induced edge labeling of . The induced edge labels of  by  1,1 −nK

 are as  follows: . (1 −≤≤ ni)(2()( 1 +−=+ invvf i

 Then  e-valmax =  − =
(

1, )n − )i ∑
−

=

−
)1(

1

2(
n

i
n −+ 2 )22 iin

                                      =
6

)12)(1()1)2)(1( ( −−
+−+−−

nnnnnn nn =
6

( −nn )54)(1− n
.                                        

Example 2.13: The minimum and  the maximum e-labeling of star K1,5 is shown in the Figure-3 
and Figure-4 respectively. 

 

 

   

          

                          

                                            Figure-3                                 Figure-4  

 Remark 2.14: From the above example 2.11, observed that   

  e-valmax(K1,5 )  = 
6

)54)(1( −− nnn
=

6
)5)6(4)(16(6 − −

= 95 
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   e-valmin(K1,5)  = 
4

)1(2 −nn
=

4
)16)(6( 2 −

= 45 . 

Theorem 2.15: Let be a wheel of order . Then  e-valmin1−nW 4≥n
6

)2392()
2

1
−+

=−
nnnWn(

n V

. 

Proof: Let be a wheel of order . Let 1−nW 4≥ }1:{)( 1 nivW in ≤≤=− . 

}11:;21:;{)( 1111 ≤ − ≤ ≤ −≤= +−− nivvnivvvvWE niiinn 22 −= nm.Then size . Let 

Define a e-labeling  from  to f )( 1−nWV }22,...,2,1,0{ −n ( by )1(1 −≤≤= ni) ifii

0)( =nvf

1−n
+f )2()11 −=− nnvf n

)2112)( 1 ≤+=+
+ iifivvf ii 1)( 2= ifivv ni

)}2(,)1(,...,2,1,32,...,7,5,3 222 −−− nnnn

)2( −+ nn

vf  

and . Let  be the induced edge labeling of .  +f f

The induced edge labels of W  by  are as  follows:  ;  (+ v

( −≤ n ; . )1( −≤≤ ni+f

The minimum  edge label are { . 

Therefore  e-valmin  )1(...2132... 222 −++++−+ nn753)( 1 +++=−Wn

                                          = 2)1(2
6

)12)(1 2 −−+
( −− nnnn

 =
6

)2392( 2 −+ nnn
. 

Theorem 2.16: Let be a wheel graph. For every even integer , 1−nW 4≥n

e-valmax 12
)7222621365()(

23

1
−+−

=−
nnnWn

1−n 4≥n {)( 1 vWV in

. 

Proof: Let W  be a wheel of order . Let }1: ni ≤≤= . −

}11:;21:{)( 111 ;1 ≤ − ≤ ≤ −≤= +− nivvnivvvWE niin 22 −= nm

}22,...,

− vin .Then size . Let 

Define a e-labeling  from  to f )( 1−nWV 2,1,0{ −n  by 
2

11)( 12
niifivf i ≤≤−=− ; 

2
122)( 2 ≤≤−−= iifinvf i 22)()2( −n

= − and nvf n
+f. Let  be the induced edge 

labeling  

of . The induced edge labels of  by  are as  follows: f 1−nW +f
4

)2()(
2

11
−

=−
nvv n

+f ; 

2
)2(122()( 212 )21)(3 ≤≤−=−

+ ninnvvf ii − ifi−
−

; 

2
)2(1)1)(1(4)( 122 ≤≤−−−=+

+ niifinnvvf ii
−

; 

2
1 niif ≤≤)12)(32()( 12 ininvvf in −−+−=−

+ ; 

2
)2(1)44()2( ≤≤−−=

niifiinvf i
+ vn

−
.  
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  Then e-valmax ∑∑
⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛ −

− −−−+−−−=
2

2
2

2

1 )1)(1(4)212)(32()(

nn

n inninnW
== 11 ii

 

                   + 
4

)2()44()12)(32(
22

2

1

2

1

−
+−−+−−+− ∑∑

⎟
⎠
⎞

⎜
⎝
⎛ −

=

⎟
⎠
⎞

⎜
⎝
⎛

=

niininin

n

i

n

i
  

                   = [ ] 2
2

2

1

22 )22()22(2)1(2)22(3 −+−−−−−∑
⎟
⎠
⎞

⎜
⎝
⎛ −

=

nnin

n

i
 

                                                                                                                                                                                       

       = )484(
8

)48)(2(
12

)1)(2(
2

)102412)(2( 2 +−++− nnnnnnnnnnn 2 −−−−+−−
 

                   =
12

)7222621365( 23 −−− nnn

1−n 5≥n

. 

Theorem 2.17: Let W be a wheel graph. For every odd  integer , 
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e-valmax 12
)6920520165()(

2

1
−+

=−
nnWn

}1:{)( 1 nivWV in

3 −n
. 

Proof: : Let  be a wheel of order . Let 1−nW 5≥n = ≤ ≤ . −

}11:( ;21:;{) 1111 ≤−≤≤= +−− vnivvvvW iiinn ≤ −nivE n 22 −= nm

f )( 1−nW 2,...,

.Then size . Let 

Define a e-labeling  from V  to }22,1,0{ −n by 
2

)1(11)( 12 ≤≤
ni−=− ifivf i
−

; 

2
)1(122)2

−
≤≤−−=

niifinv i(f 22)( = − and nvf n
+f

f

. Let  be the induced edge labe- 

ling  of . The induced edge labels of W  by  are as  follows: 1−n
+f

4
)33()(

2

11
−

=−
+ nvvf n ; 

2
)1(1)212)(32()( 212 ≤≤

ni−−−=−
+ ifinnvvf ii

−
; 

2
)3(1)1)(1(4)( 12 2 ≤≤−−−=+ niifinnvf i +v i

−
; 

2
)1)12)(32()( 12

1( −
≤≤−−+−=−

+ iifininvf in
nv ; 

2
)1(1)44()( 2

−
≤≤−−=+ niifiinvvf in .  

∑∑
⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛ −

− +−−−=
2

3
2

1

1 )212)(32()(

nn

n innW
⎟
⎠
⎞

==

−−−
11

)1)(1(4
ii

innThen e-valmax  

                            + 
4

)33()4
2

11

−
+−

==

nii
ii

4()12)(32(
2

1
2

1

−+−−+− ∑∑
⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛ −

ninin

nn
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                     = [ ]∑
⎟
⎠
⎞

⎜
⎝
⎛ −

−−
2

1

2 2)22(3

n

n
=1i

 + ∑
⎟
⎠
⎞

⎜
⎝
⎛ −

−
2

1

)48(

n

in
=1i

 - 2 ∑
⎟
⎠
⎞−

2
1

2

n

i
⎜
⎝
⎛

=1i
+

4
)12( 2 +− nn

 

                     =
12

)1)(1(
8

)1)(1)(48(
2

)102412)(1( 2 +−
−

+−−
+

+−− nnnnnnnnn
 

+
4

)12( 2 +− nn
 

                      =
12

)7222621365( 23 −−− nnn
. 

Example 2.18:The minimum and  the maximum e-labeling of wheel W4  are shown in  Figure-5 
and  Figure-6  respectively. 

 

 

 

 

    

                     Figure-5                                                         Figure-6  

Remark 2.19: From the example 2.14, observed that 
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 e-valmax(W4) = 
12

)6920520165( 23 −+− nnn
=

12
)69)5(205)5(201)5(65( 23 −+−

=338. 

6
)2392( 2 −+ nnn

 e-valmin(W4) = =
6
9)5(2(5 2 + )23)5( −

= 60. 

3. CONCLUSION 
In this paper, we have investigated the maximum and  minimum  values of e-labeling of certain 
graphs. We have planned to investigate  the maximum and  minimum  values of e-labeling of 
some more special graphs in the next paper. 
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