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Abstract: In the present paper we establish four transformations of double infinite series involving the H
-function of two variables. These formulas are then used to obtain double summation formulas for the H -
function of two variables. Our results are quite general in character and a number of summation formulas
can be deduced as particular cases.
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1. INTRODUCTION

The H -function of two variables will be defined and represented by Singh and Mandia [8] in the
following manner:

] =[] HERRERE

(2.2 )y (30715 )mz {ei7s )n2+1,p2 (& EjiRy )1,n3 {83 Ej )ngmg
(6385385 ) o (9591 )y (9585505 g o (TP ) (P38

= [ [ (Em a0y dédy L
Where -
[[r(i-a +aé+An)
#(&n)=—; = - (12)
I1 I (a —ozjg—Ajn)li[r(l—bj +B,E+B;n)
ﬁ{r(l_cﬁﬁf)}l(jﬁr(dj_5j§)
() =— — - (1.3)
TIr(e-r¢) 11 {r(1-d;+5¢)}"
ﬁ{r@—ej +Eg)}” ]m‘[r( f,~Fn)
¢ (n)=—1 — - (1.4)
I1r(e-Em) [1 {r(1-f;+Fn)}

Where Xand Y are not equal to zero (real or complex), and an empty product is interpreted as
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unity p;,d;,n;, M, are non-negative integers such that
0<n <p,o<m qu(i =1,2,3;j=2,3). All the
a;(j=12,..,p).0;(i=12,...,09),¢,(j =1,2,..., p,),d; (] =1,2,...,q,),

e;(i=12,...,p,), f;(j=12,...,q;) are complex parameters.

7;20(i=12,...,p,),0;, 20(j =1,2,...,q,) (not all zero simultaneously), similarly

>0(j=12,...,p,), F; 20(j =12,...,5) (not all zero simultaneously). The exponents
K;(1=12,..,n,),L;(J=m, +1,...,0,),R; (1 =1,2,...,n,),5,(j =m; +1,...,g5) can take on

non-negative values.
The contour L, isin &-plane and runs from —iocoto +ico . The poles of
F(dj —5j§)(j =1,2,...,m,) lie to the right and the poles of

K.
F{(l—cj +yj§)} (i =1,2,...,n2),F(1—aj ta;é+ Ajn)(j =1,2,...,n,) to the left of the

contour. For K;(j=1,2,...,n,) not an integer, the poles of gamma functions of the numerator in

(2.3) are converted to the branch points.
The contour L, is in 77-plane and runs from —icoto +ioo . The poles of
F( fj — an)(j =1,2,...,m,) lie to the right and the poles of

R.
r{(l—ej + Ejn)} "(j=22,..,n,),T(1-a; +a;&+ An)(j =1,2,....n,) to the left of the

contour. For R;(j =1,2,...,n,) not an integer, the poles of gamma functions of the numerator in

(1.4) are converted to the branch points.
The functions defined in (1.1) is an analytic function of Xand v, if

Py P2 G g2
U= a;+27,-2.8-26<0
j=1 j=1 j=1 j=1
By Ps3 G U3
V=>A+>E->B->F<0
j=1 j=1 j=1

j=1

The integral in (1.1) converges under the following set of conditions:

Q:_”z;aj_za +25— > 5L+Zyl S - Z,B >0

j=m+1 j=my+1 j=n,+1
AziAj ZA+ZF—ZFS+ZER—ZE ZB>O
j=1 j=n+1 j=my+1 j=n,+1

argx|<x=Qur, |ar <—A
Iglzﬂlgylzﬂ

The behavior of the H -function of two variables for small values of | z |follows as:

HIx, yl=0(x["| y[), max{ x|,| y[} -0
Where

d. f;
a= min|Rel S =min|Rel =
1<j<m, 5]_ 1<j<m, Fj

For large value of | z|,
HIX, y1=0{|x[*,| [}, min{ x|, y[} -0
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Where
C. — e —
a'=maxRe| K,—— |, f'=maxRe| R, —— (1.13)
1<j<n, 7 I<j<n, EJ-

Provided that U <0Oand V <0.

If we take
K, =1j=12,..,n),L;=1(j=m,+1,..,0,), R, =1(j =1,2,...,n,),S; =1(j =m, +1,...,0,)

in (1.1), the H -function of two variables reduces to H -function of two variables due to [1].

2. TRANSFORMATION FORMULAS

In this section we establish the following four transformation Formulas for the H -function of two
variables:

First formula

o0
—0,m+2  My,Nyimg,n
m.,n 1 21112 2 u
Z XY H pr2.q410, 01020, [V

(t-a-m.pit).(1-b-n.ot)(ap . Ay ) (07K (ei7), o (60 ERy), L (e0E ) }

(by:5;:8y), o (-a-b-m-noepil)(d}0), - (dpdily) o (FF ) (RS, e

m,n=0

=(x+y-xy)"

ixsﬂﬁo,nl;-z: 1'mz,nzfms,nz " (1—&1—5,,0;1),(1—b,c;1),(aj,o:j;Aj)Lpl,(cj,;/j;Kj)mz,(cj,;/j)nzﬂ‘pz,(ej,Ej;Rj)Lna,(ej,Ej)nzﬁl‘pf3
pord PrE AR P | v (i, BBy ) g ma-b=s.otp)(d3.5y), L (d58ity) (TR (T RS

0

(A TTO M2 Mynimgny |,
+Q X T H p2ap,.000, |y
t=0

(-a,p0).(-b-tosd)ageyiAy), (e riiKy), (6571), 0 (e E R (8B, :l

(b;.5;:8; )M(1 (1-a-b-t,0+p1),(d;.5; )Lm2 (dj.85:L )mz+1.q2 (5. Fj )1,m3 (5. Fy38; )m3+1,q3

(2.1)
The formula (2.1) is valid, if the following (sufficient) conditions are satisfied.

0] p,a>0,(ii)Q—p—a>0,|argu|<%(Q—p—0')7r
(iii)Q—p—0'>O,|argv|<%(A—p—6)7z
(ivymax {|x|,|y|} <1 or x=y=1 with Re(a)>1,Re(b)>1

Second formula

i menﬁo,nlzﬂz 1mz,n2:m3,n2 u (l—a—m—n,u';l),(l—b—m,v';l),(aj,z:zj;Aj)Lm,(cj,;/j:K,»)an,((:j,yj)nzﬂ’pz,(ej,E,»;Rj)lm,(ej,E,-)Wl’p3
+2,00+1P2, 025 P2y . S . .
o= min! e A I [ ByiBy), e-mwi(dygy), - (dopity) (D, (RS
k
0
1 A X

-y La-y X

o K! 1-y

ﬁo,nﬁZ: My MpiMg My | (1-x) 0"
P+2,0,+1:py, 0y Po 0y v(liy)—v'

(t-a-m.u),(-b-m.v'D),(aj ;1A )Lpl’(CJ 75K )an (¢57; )nzﬂ,pz (e EjiRy )1,.13 (e1:Ej )n3+1,p3
(0331185 )Lm,(l—c—m,w';l),(dj 9] )1,m2 (GRS )mzﬂ,qz {1 Fi )1,m3 {1585 )m3+1,Q3

(2.2)
Provided that

MuLv,e'>0 (i) Q—w'>0,|argu’ <l Q-w)rz(ii)Q-w'>0,largVv’ <l A-o" )7
2 2

(iv) |X|+|y| <1 and either % <lor L‘=1 with Re(c—a—b)>0

-y 1-y
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Third formula

> Xm yn —o0,m+2:  my,nyimg,n,

Z | |H Py +3,01+2: P2, 025 P2, 02

o m!nl!

u(-x)™ (1—a—m—n,u';l),(l—b—m,v';l),(aj ,aj;Aj)1‘pl,(l—b’—n,a)';l),(cj 'yj;Kj)l,nz’(cj’;/j)n2+1‘p2’(ej'Ej;Rj)l,n;;'(ej’Ej)n3+1‘p3
V(lfy)iv‘ (l—a—n,u';l),(l—a—m,u';l)(bj Bi3B; )qu'(di g )Lmz ’(dJ Sk )m2+1,q2 ( fj.F; )Lms ( f.FjiS; )m3+1,q3

k
- b b’ Xy —0,m+2:  M,,Nyimg,N,

- E(l_x) a-y) [m H b 3.a+20,.000.0

k=0 ™= - -

|:u(1_x)—u' (l—b—k,v';l),(l—b‘—k,V‘;l),(aj ’aj;Aj)l‘pl”(cj’}/j;Kj)l‘nz'(cj i )n2+l,p2'(ej’Ej;Rj)l‘n3'(ej'Ej)n3+l‘p3:|
v(l-y)™

(t-a-kusD.(b. 58 ) (d5.07),  (d5diity) (TR ) (FFsy) o
Provided that

(2.3)

(u'vie'>0 (i) Q-w'>0,jargu’ <%(Q—a))7r(iii)Q—a)'> 0,Jargv| <%(A—co')7r

(iv) |[X+|y| <1 and either

L‘ <1 or‘L‘ =1 with Re(a—b—b")>0
1-xA-y) 1-x)2-y)

Fourth formula
X Xm yn —o0,m+2:  m,,Nyimg,n,
Z Inl H Py +3,0+2: P, .0z P, 02
m.n=o M:iN!
u(l—x)’“: (1—a—m—n,u';1),(1—b—m,v';l),(1—b’—n,w';l),(aj A )1,p1'(cj 75K )l,nz ,(cj 7 )n2+1,p2 ,(ej EjiR )1,n3 ,(ej Ej )n3+l,p3
v(l-y)™ (1—b—b'—m—n,u'+w';1),(bj,ﬁj;Bj)lyod,(dj,dj)lymz,(dj,(Sj;Lj)mZﬂ’qz,(fj,Fj)lm,(fj,Fj;Sj)maﬂ’qg

k
0 _a 1 - —0,m+Z m,,Nyimg,Ny
B kZ:O (1_ y) E[ I_ ;/j H p1+3fh+2: P2.02: P20,

[ (1 | G, AD kv 000 3y A ) (7K )67 (6 E R (e, }
v(L-y)™

(L-b=b'u+w1),(b; 58, )1,(11’((’1 9] )1,m2 (45,8538 )mzﬂ,qz {1 Fi )1,m3 {1F585 )m3+1,q3

(2.4)

Provided that
(Hu' v, e'>0 (ii)Q—a)‘>0,|argu'|<%(Q—a})ﬂ(iii)§2—a}'>0,|argv'|<%(A—a)‘)7r
(iv) max {|x.|y|} <1, either )1(:;/ )1(%;/ =1 with Re(b'-a)>0

In all the aforementioned formulas 2, A are given by (1.7), (1.8) respectively.

<lor

Derivation of the first formula: Using Mellin-Barnes type of contour integral (1.1) for the H -
function of two variables occurring on the L.H.S. of (2.1) and changing the order of integration
and summation, we find that L.H.S. of (2.1).

1 @+ p&)l(b+ot)
== ££¢1(§,77)¢2(§)¢3(77) Tarbo(os 8

F,[a+p(E+n).b+o(E+n).L1;a+b+(c+p)é+m;u,v]usv'dédn

(2.5)
Now appealing to a known result due to Srivastava ([9], p.1259, eq. (2.2))
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F,[abLlLa+b;x y]=(x+ y—xy)’l{x, ,FElaLa+b;x]+y,F[bLa+b; x]}

(2.6)
in (2.6) , we get L.H.S. of (2.1)
_ 1 I'(a+ pS)l'(b+a7) N
=g | JAEma@A LT g W
{u2Fl[a+p(§+77),1;a+b+(p+0)§+77;u] -

+V,F [b+o(£+n).La+b+(p+0)é+mv]dédy

Now expressing the ,F, functions in terms of their series and changing the order of integration

and summation, and interpreting the result so obtained with the help of (1.1), we arrived at the
formula (2.1).

Derivation of the formulas (2.2) to (2.4) : The summation formulas (2.2), (2.3) and (2.4) can be
developed on the lines similar to the formula (2.1) except that, in place of(2.6) , here we use the
following known results ([2],p.238,eqd.(2),eq.(3) and eq.(1) respectively):

Rl B.B57 fixy]=0-y) ZF{a,ﬂ;y;nyJ (28)
. - - Xy

Fz[a,ﬂ,ﬂ,a,a,x, YJ:(l—X) -y’ 2F1|:/B’187a7m:| (2.9)

a8+ 8%y ]=L-y) "R {a,ﬁ;ﬂ +8; ()1(:;’)} (2.10)

3. SUMMATION FORMULAS

If we take x =y =1 in (2.1) and use the well known Gauss’s summation theorem, we arrived at
the result

o0
—0,m+2.  My,Nnyimg,N,
m,,n u
z Xy le+2,q1+1:pz,qz;pzvq{v

m,n=0

(t-a-m,pi0),(-b-n.od) (@A) (5733Kg), (6574), o (80 ERT)  (80Ed), Ly
(518585, o (-a-b-m-noepil)(dju6y), (45 0ty) (0 F),(FFiST) g,

TTOMA2 My Npimgny |
le+2,q1+JJP2qu§szQZ v

(-a-mpi).(2-b.oi) (&g, (oK) (), (60 ERY)(60ES) }

(b3.5;:8y), o (2-a-biopit)(d;.05), (dpdity) o (FF ) (FFiSH) e

+i Xt+1ﬁo,nl+2: my.nyimgn, |
P1+2,0,+1 P, 025 P20 . . . .
t=0 12,0041 0,025 P20z | v (bj,ﬁj,Bj)1vq1,(2—a—b,a+p,l),(dj,ﬁj)l‘mz,(dj,ﬁj,Lj)mrlqu,(fj,Fj)llmg,(fj,Fj,S]—)mylvqg

(2-a,p0). (-0, (8534 ) (¢575K5), (6574), o (00 EiRY ) (80Ed), o :l

(3.1)
Valid under the conditions of (2.1) .

Again if we putu=v = % in (2.2), v="1-uin (2.3) and x = 1 in (2.4) and make use of well known

Gauss’s summation theorem therein, we shall arrive at the following results
)m"rn

=X (% —0,m+2:  my,Nn,img,N,
E mlnl H PL+2,0y+1Pp, 025 P22
m,n=0 B

u@-x)""
v(a-y) ™
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—0,n+3.  mMy,n,img,n,
J— a
= 2" H p 3420000,

U(1-x) (l—a,u';1),(1—b,v';l),(l—c+a+b,co'—u'—v';l),(aj apihA )1,p1'(cj 7K )an (c.71 )nz+1,pz (85 Ej iR )1,n3'(ej E; )n3+1,p3
v(l-y)™ (l—c+a,w'—u';1),(l—c+b,W'—V';1),(bj BB )quv(dj 0 )1,m2 '(dj HS )mzﬂ‘qz ( fj.Fj )1,m3 ( fj.FiS; )m3+1,q3

(3.2)
Where o'-u'-v'>0,0'#U"' or @'#V'
And valid under the conditions of (2.1)
i Xm (1— X)n —o0,n+3  my,n,img,N,
ﬁ P+3,0+2: P05 P, 0o
wazo  min!
u(—x)™"" (l—a—m—n,u';1),(1—b—m,v';l),(l—b’—n,a)';l),(aj aji A )LM,(CJ- 75K )1,nz ,(Cj 7 )n2+1,pz ,(ej EjiR; )1,n3 ,(ej Ej )n3+lyp3
i v(l-y)™ (l—a—n,u';1),(1—a—m,u';l)(bj BjBj )qu,(dj ) )Lm2 ,(dj Ok )m2+1,q2 ( fi.F; )Lm3 ( f;.FjS; )m3+1,q3
=b o.M+ my,nyimg,ny
=u 1—U) H 430,420,000,
Wiyt | @OV (g iAo K ) (e i) o (6 ErR) (e B (3:3)
i V(1-y)™" | (@-a+b,u'-v1),(1-ab'u'-wi),(b; B 1By )Lva'(dj 5 )1,m2 (d5.055L; )m2+1‘f42 (f.F; )Lms,( f;.F}:S; )WLqS
Where U'-V'-=@'>0, U'#w', U'#V'
And valid under the conditions of (2.3).
o) n
y ﬁo,n1+3: m,,N,:mg, Ny
T [URRCH RN SR P S
m,n=0 min:
o | @a=m-n,u’1),(1-b-m,v1), (1-b'-n,w"1),(a; ,aj;Aj)l‘pl,(cj,yj;Kj)lvnz,(cj,yj)npl‘pz,(ej,Ej;Rj)l‘ns,(ej,Ej)nsﬂvps
V1(6;.5;:8y), o (@b-b-m-nw v (d.5y), L (diiLy) (5 F), (RS
_aTTom A3 my,nyimg,n,
- (l_ y) : H P +3,0+1 Py, 01 P20,
o] @-au), by, a-braw-u) (a5 A )Lpl,(cj 71K )1’n2 (73 )nzﬂ‘pz (&€ iRy )1‘n3 (e )n3+1,p3 (3.4)
V] (b;.:B; )l,,,a (1-b-b+a,w'+v'1),(d; .5 )1,m2 (.65 )mzﬂ,qz ( 5.F; )1,m3 (F5.Fiis; )msﬁ,%

Where V'# @',V'# U" and valid under the conditions (2.4).
4. SPECIAL CASES

(1) In (2.1), taking Sand m,=m, =10, =, =2the H -function of two variables reduced
to the multiplivation of two generalized Wright’s function [8] and we get

i X"y C@a+m+p(E+n)T(b+n+o(E+7)) T T
=0 F@+b+m+n+(c+p)&+n))

m
o0 o0
—0,01,0:1,0 . . —0,0:1,0:1,0
s+1 Db u|(l-a-s,p1),(1-b,o;1) t+1 Dt u
{ E X Ho,o;o,z,o,z[v OD.Ca v ab soep | T E Y " Hooo202]|
s=0 t=0

V= (x+y—xy)*

B ]| @D
1 1
where (1-v)>0,(1+v)>0,|argu|< E(1—1/ ~p-o)r,fargy| < 5(1_‘/ —p—o)r and the

conditions (i) and (iii) given with (2.1) also satisfied.
Further if we take p — 0 in (2.1), we get the following new transformation formula:

(@-b-noi)(aj.aiAy) (5755 )y AC571) 0 gy (B0 ERY) (80Ed) }

(b;.5;:8y), o (-a-b-m-n.o1)(d;.67), (djyity) (R, (FFSH), e

z X"y" (@) H ptaspain |

m,n=0

—o,m+L  m,,n,img,n, |:u
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=(x+y-xy)"

= s+lﬁ°*nl+1: my,Npimg,ny |,
X LG O Py s |y
0

@b (ayagiA)(eriki) o), (60 EiR), (6B,
(033138 ), o (ma-b-mo)(djugy), (djoiily) () (RS e

(@-b-nod)(ag.ayiy), ek, (073), o (o ER), (o), }

(by. 5538 )mdv(l‘a‘b‘”v"?l)v(di 9] )1,m2 (dj.o5L )mzﬂ,qz (f5.Fy )ng (15.Fyi8 )Wl‘%

o0
t+1
+) X Hpiagp, gm0 | y

—o,n+L  my,nyimg,n, |:u
t=0

(4.2)

Valid under the conditions of (2.1).
A similar type of result can be obtained by taking o — 0 in (2.1).

5. CONCLUSION

We establish four transformations of double infinite series involving theH -function of two

variables. These formulas are used to obtain double summation formulas for the H - function of
two variables. Special cases are also derived.
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