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Abstract: The aim of this paper is to introduce and study anew class 7, ((S,].,.]|), ®, W) of 2-

normed space valued sequences using Orlicz function as a generalization of the basic space ¢,, of bounded
complex sequences studied in Functional Analysis. Besides the investigation of conditions pertaining to

the containment relation of the class 7. ((S, ||...]| ), @, W) in terms of different W , our primary
interest is to explore the linear space structures of the class /. ((S, ||, .|| ), ®, W) with some topological
properties.
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1. INTRODUCTION

So far, a good number of research works have been done on various types of algebraic and
topological properties of sequence spaces using Orlicz function as the generalization of various
well known sequence spaces for instances, (see [1], [2] ,[3], [4], [5].[6].[7]. [8].[9],[10] and [11].

Definition 1.1 A function @ : [0, ) — [0, o) is called an Orlicz function, if it is continuous, non-
decreasing and convex with @ (0) =0, ® (x) >0 for x > 0 and @ (X) — o0 as X — o. An Orlicz
function @ can be represented in the following integral form

D (x) = ;g q(t) dt

where g, known as the kernel of @, is right-differentiable fort >0, g(0) = 0, q(t) >0 for t>0, g
is non decreasing, and q(t) — « ast — oo, (see, Krasnosel'skii and Rutickii [12]).

Definition 1.2 An Orlicz function @ is said to satisfy A, - condition for all values of x, if there
exists a constant K > 0 such that

® (2x) < K® (x), forall x> 0.

The A,-condition is equivalent to the satisfaction of the inequality @ (Lx) < K L @ (x) for all
values of x for which L > 1, (see, Krasnosel'skii and Rutickii [12]).

The notion of 2-normed space was initially introduced by S. GAahler [13] as an interesting
linear generalization of a normed linear space, which was subsequently studied in [14], [15], [16]
and many others. Recently a lot of activities have been started by many researchers to study this
concept in different directions, for instances,(see, ,[11], [17], [18], [19]).

Definition 1.3 Let S be a vector space of dimension  greater than 1 over K, the field of real or
complex numbers. A 2 - norm on S is a real valued function ||. , .|| on S x S satisfying the
following conditions:
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Q) [& n||=0and]| & n | =0ifandonly if £ and n are linearly dependent;

(i) l&nll=1n &l forall&n esS;

(iii) | a& nll=lo| g, n I, where aeKand g n € S;

(iv) &+ &l <I&,nll+|& nlforall&, & and ne S.

The pair (S, |. , .||) is called a 2-normed space.Recall that (S, |. , .||) is a 2-Banach space if every

Cauchy sequence in S is convergent to some g in S.

Geometrically, a 2-norm function generalizes the concept of area function of parallelogram
spanned by the two associated vectors, see [18].

For example, consider S = R? being equipped with || é Nl =1&mn2— & mnail, where E,= (&1, E2)
andn =M1, n2). Then (S, ||. , .||) forms a 2—normed space and || é , M || represents the area of
the parallelogram spanned by the two associated vectors é and n.

Analogously, if S = R®and define the function ||., .]lon S x S by

i j k
len = | Det| & & &
M M2 M3
where &= (&, &, £5) and 1 = (M1, N2, Ma). Obviously (S, |- , .|| ) forms a 2-normed space.

Definition 1.4. Let S be a normed space over C, the field of complex numbers. Let ®(S)
denotes the linear space of all sequences é =< & >with & € S, k > 1 with usual coordinate

wise operationsi.e., &+7n =<&+mn >and a & =< af > foreach £,1 € o (S)and ae
C.

We shall denote o(C) by o . Further, A =<i>e ®» and % =< & > e o (S) we shall write
by é:; =<M& >. By avector valued sequence space we mean a linear subspace of  (S).

Definition 1.5 Lindenstrauss and Tzafriri [20] used the idea of Orlicz function to construct the
sequence space /¢ of scalars < & > such that

_ o0
lo :{i =<&>en ) CD(J%—[) < ooforsomer>0}.
k=1
The space /4 with the norm
_ o0
nam=iM{r>0: > o) 1}
k=1

becomes a Banach space which is called an Orlicz sequence space.The space /4 is closely
related to the space ¢, which is an Orlicz sequence space with @ (t) =t": 1 <p <.

Definition 1.6. A sequence space S is said to be solid if £ = <& >eSanda = <oy >a
sequence of scalars with |o| <1, forall k> 1, then &é =<y &> eS.

2. THECLASS Lo ((S,]].,.]]), @, w)

Letw =<wg>and Vv =<y, > be any sequences of strictly positive real numbers .Let (S, ||...]| )
be the 2- normed space over the field C of complex numbers and 6 denote the zero element of S.

Let o(S) denote the linear space of all sequences % =< g >with g € S, k > 1 with usual
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coordinate wise operations.We now introduce the following class of 2- normed space S—valued
sequences using Orlicz function ®.

Lo (S, -5 1), @, W) = {é =< &> e o(S) such that for some r > 0 satisfying

Stpq)(lr” & sl Wk)<oo, for eachs € S }. @.1)
Further, when w=1 for all k, then 2., ((S, || , .|| ), ®, W) will be denoted by 7., ((S, ||, ]| ), @)
If in the definition of 7, ((S, ||. , .|| ), @, W) in (2.1), the phrase ‘for some r > 0’ is replaced by
“for every r > 0’ then we denote this subclass by £, ((S, ||., .|| ), ®, W). Thus

lo (S ], @, W) = {é =< &> e o(S) such that for every r > 0 satisfying

Sipq)(lr” & » s||Wk)<oo, foreachs € S }. (2.2)

3. CONTAINMENT RELATIONS

In this section, we investigate some inclusion relations between the classes /.. ((S, || , .|| ), ©, W)
arising in terms of different w. Throughout, we shall denote

supw, =L forall k>1 and for scalar o, M [a] = max (1, |a]).

But when the sequences w, and vy occur, then to distinguish L we use the notations L(w) and L(v)
respectively.

Theorem 3.1: 2, (S, ||. , ]| ), @, W) < 2, ((S, ||, .]|), @, V) if limsup \\//v_i is finite.

. Vv . ..
Proof: Assume that lim supy Wkk < o0, Then there exists a positive constant d such that v, < d w

for all sufficiently large values of k. Let é:; =<&>e o, ((S, |, .]|), @, w).Then for some r >0,

1
Stpq) (_r” & sllwk) < oo, foreachs € S.

Hence we can find a positive real number n,  satisfying

o (e s™ ) <o F)

and therefore || &, s || te n foreach s € Sand for all sufficiently large values of k.

Since vi < d wy for all sufficiently large values of k and so if || &, s|| <1, foreachs e S ,then

Il &, s || “< 1;and on the other hand if || &, s||>1 foreachs eS,then |[&, S| ‘< || &, s
||de<nd.

Therefore || &, s || <A[n’], for each s e S and for all sufficiently large values of k.This shows
that for each s € S and for all sufficiently large values of k,

o Lg.a™ <o)

r
and therefore Sl;p CD(%H ak,s||v") <.
Thus & € 2. ((S,|.,.||), @, V) and hence

LSl 1) @ W) < Lo (Sl ) @, V)
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Theorem 3.2: If £ (S, ||, .||), @, W) < £ ((S, ||, .|| ), @, V) then lim supy \)/Ti is finite.

Proof: Suppose that the inclusion holds but lim supy VWkk = o0, Then there exists a sequence < k(n)
> of positive integers such that k(n+1)>k(n) > 1,n > 1, for which

Vi) > N Wy, foralln> 1. (3.1)

Now, correspondingtot € S andt = 6, we define a sequence é =< & >hy

{21’Wk<n> t, ifk = k(n) , n>1and
0, otherwise.

&=

(3.2)

Let r >0. Then foreachs e S, we have

sup 1 Wy sup 1
Po (Theas™) = WP o (Mot e

sup (2 Wk)
P o2t s

2MI[]t, s|™
. @( LI, sl ])<OO

r

This shows that & e £, ((S, || , .l ), @, W). But on the other hand, let us choose s € S such that ||
t,s||=1. Then in view of (3.1) and (3.2) ,we have

sup 1 Vi sup 1w v
Co (e = Po (Trmons o)

sp (2
> nCD(r)—oo.

This shows that é:; g L, (S]], @, V), contradicting our assumption.This completes the
proof.

Combining the Theorems 3.1 and 3.2, we have

Theorem 3.3: £, (S, ||, 1), @, @) < £ ((S,||., ||), @, V) ifand only if lim sups Q’v—kk < o,

Theorem 3.4: 0, (S, |-, ), @, V) = 2, ((S, ||, .|| ), @, W) if and only if lim infk\\//v_t > 0.
Proof:

...V . -
Assume that lim mkai > 0. So that there exists a m > 0 such that v, > m wy for all sufficiently

large values of k. Then analogous to the Theorem 3.1, sufficiency part follows.

Conversely, suppose that the inclusion holds but lim inf, \)/Ti = 0.Then we can find a sequence <
k(n) > of positive integers such that k(n+ 1) >k(n) > 1, n> 1, for which

N Vi) < Wi , for each n > 1. (3.3)

Now, takingt € S, t =0 and define a sequence é =< & >hy

_ {21’%) t if k =k(n), n>1 and
k= 0, otherwise.

Let r > 0. Then foreachs e S, we have

(3.4)
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su 1 su 1
Co(Tha.s™ )= P o (fRMons o)

n

_sup (2 v )

= (2t gm0

2M |t s |-
S q)( [t sl ])@o
r

This shows that é el (S, ||, -]|), @, V). But on the other hand, let us choose s € S such that ||
t, s || = 1. Then in view of (3.3) and (3.4) ,we have

sup 1 Wi sup 1 . u
k ® (_r” S sl ) =n @ (—rllzﬂk(mt,s” k(n))

sup 2_“) _

> n )] ( r) =

This shows that % g Lo ((S,||-,.]|), ®@,w), acontradiction. The proof is now complete.
On combining the Theorems 3.3 and 3.4, one obtain

Theorem 3.5: £, ((S, I, 1), @, W) =2, (S, |, ||), @, V) ifand only if

e W . Vi
< — < — <
0 I|m|nfkWk < lim supkWk 0.

Corollary 3.6:

WD (S D) @) € (S, 1), @, W) if and only if lim sup Wy < oo;

(i) Lo (Sl D)@, W) < 2o (S -, ), @) ifand only if lim inf, wy > 0;and

(i) L (S D), @ W) =6, (S, |, .I), @) ifand only if 0< lim infwy < lim supy wi
< 00,

Proof: The proof follows by using wy = 1 for all k and V is replaced by W in Theorems 3.3, 3.4

and 3.5 respectively. In the following example, we show that 2, ((S, ||. , .|| ), @ , W) may strictly
be contained in 7, ((S, ||., .| ), @, V) in spite of the satisfaction of the condition of Theorem
3.1.

Example 3.7:

Let(S,||.,.]|) be a2-normed space and fort € S, t= 6 ,we define a sequence z;; =<&>in
S by

&= k*t,if k=1,2,3, ...

Further, let w, = k', if k is odd integer, wy = k 2, if k is even integer, v, = k ~2 for all values of k.

v 1. . . Vi oo . . Vi
Further, W, - K if k is odd integer, W o 1, if k is even integer. Therefore lim supy W, o 1< oo
Hence the condition of Theorem 3.1 is satisfied.

Letr > 0. Then for each s € S, we have

su 1 v su 1 2
Co(Tizes™) = 5P o Tk s

su Kk 1k
P o (© s )
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sup 1 2
<o dns)

o Mute)

r

This shows that % € Lo (S]], -]|), @, V). But on the other hand, let us choose s € S such that
|I't, s || = 1. Then for each odd integer k, we have

o g ™) = o ltell)

r

= oM )= o (1)
- r - r)

which implies that & & 2., (S, ||, I ), @ , W). Thus the containment of 2., ((S, ||., .|| ), @ , W) in
Lo ((S, I, 1), @, V) is strict inspite of the satisfaction of the condition of Theorem 3.1.
4. LINEAR SPACE STRUCTURE OF foo ((S,||., .||), ®,w)

In this section, we shall investigate some results that characterize the linear space structure of the
class 2, ((S, || , .|| ), @ , W) with some topological properties. Throughout we take coordinate-

wise operations of sequences over the field C of complex numbers i.e..for §=<§&>and n =<
Nk > and scalar o,

‘E:+ﬁ:<<t:k+nk> and Oﬂé =< o>

And we see below that 7, ((S, ||. , .|| ), @, W) forms a linear space over C. Moreover, we use
frequently

la+b| ‘< M[2-]{ial +]b] ‘3,
where a,b e C, 0<sup, W, =L <o, M [a] =max {1, |af} forscalaraand Q = M[2""].
Theorem 4.1: 2, ((S, || , ]| ), ® ,w) forms a linear space over C if sup,w is finite.

Proof: Suppose that sup,wyx < o, % =<g>and n=<n>e (S, ., .]]),®,w) and «a,
Be C. Then there exist r;> 0 and r, > 0 such that for each s € S, we have

sup 1 w sup 1 w
P o (e <o ad 5P o (Fmas) <o

We now choose r >0 such that
2QrMlo/"] <rand2Qr,M[|B|"] <r,where Q = M[2""].

For such r, using non decreasing and convex properties of @ , we have

1 W 1 W W,
o Thas+pnesl™) < © | L(Qages ™+ Qlpnasl™) |
= o [ Qi s+ Lipr™ st ™

= [ M Lol T 05 ™+ MBI I si™

Wi
S 2 ”akasll 2 rz ”nka S”
1 W, 1 1 W,
< 3o(Frest™) +5 o (Fimest™)

Thus,
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sup 1 w 1 sup 1 w 1 sup 1 w

K <D(7|Iaék+l3nk,5|| ") < 2k GI>(Tl||&k,5|l k) ok @ (Tzllnk,SII k) < oo,
foreach s € S and hence océ +Bn el ((S, ||, ]| ), @, W). Thisimplies that 7, ((S, ], .l|), ®, W
) forms a linear space over C.

Theorem 4.2: If @ satisfies the A, -condition, then

Lo (Sl Dy @, W)= L (S s, @, W)

Proof: To prove the theorem, it suffices to show that 7., ((S, |-, .|| ), ®, W) is a subset of 7., ((S,
I, Il ), @, W) since the reverse inclusion follows by definition. Let é €l (S I+ ), @, W).

Then for some r > 0 and for each s € S,

sup 1 W
P o Thg.s") <o

Let us consider an arbitrary r; > 0.

If r <r,, then obviously, we have
sup 1 W sup 1 W
k (D(T]_” kaa S” k) < k q)(_r” <t3kasll k) <OO)

for each s €S . Hence we get & e 7. ((S, |-, .||), @, W).

. r . . ..
On the other hand, if r > r; then Tl > 1. In this case, using A, -condition of @ ,we get

su 1 W) su r 1 W
Co(dpza™) = Po(E et

r sup 1 Wy
< Kk CD(—rllék,SII )<oo,

for each s € S, where K is the number involved in A, condition. This proves that
gely (S ... @ w).

Corollary 4.3: If ® satisfies the A, -condition, then £, ((S, Il .]|), ®, W) forms a linear
space over C.
Proof: Proof follows from using Theorems 4.1 and 4.2.

Theorem 4.4: The space /. ((S, |-, .||), ®, W) forms a solid.
Proof: LetE=< &> e £, (S, |, ||), @, W) . So that
sup

1 W,
K CD(—r||§k,s|| k) < oo, for some r > 0 and foreach s €S.

Let < px > be a sequence of scalars satisfying |p] < 1 for all k > 1. Using non decreasing
property of @ , we have

Su 1 W, Ssu 1 W, W,
Co(ipca ™) =5 o (T e ™)

su 1 W
<SP o(Eg.s™) <
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For each s € S. This shows that < px & > € 2, ((S, ||, .|| ), @, W) and hence £, ((S, |, .||), ®.W
) is solid.

5. CONCLUSION

In this paper, we have examined some conditions that characterize the linear topological
structures and containment relations on 2- normed space valued Orlicz Space of bounded
sequences. In fact, these results can be used for further generalization to investigate other
properties of the spaces of 2- normed space valued bounded sequences using Orlicz function.
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