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Abstract: In the present paper we consider lossy transmission lines terminated by a circuit consisting of 
in series connected CR-loads parallel to L-load. Such a configuration of nonlinear elements is a simplified 
scheme of triode generator circuit. On the base of Kirchhoff’s law boundary conditions are derived. Then a 
mixed problem for lossy transmission line system is formulated. The reducing of the mixed problem leads to 
an initial value problem for a neutral system on the boundary. We are not able to exclude some transitional 
current functions and obtain a system of four equations for four unknown functions. We show that natural 
solutions are oscillatory ones. Further on we prove an existence-uniqueness theorem for oscillatory 
solution vanishing exponentially at infinity by a fixed point method. 
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1. INTRODUCTION 

The main purpose of the present paper is to consider transmission lines terminated by a circuit 
consisting of in series connected CR-loads parallel to L-load. Such a nonlinear circuit corresponds 
to a triode generator of oscillations (cf. [1]). A lot of results and applications of transmission lines 
terminated by various circuits of nonlinear loads can be found in [2]-[20]. 

Basically we follow the procedure from [20] and technique from [21]. The paper consists of eight 
sections. Section 2 contains derivation of boundary conditions using Kirchhoff’s law. Then the 
mixed problem for lossy transmission line system is formulated. It must be emphasized that in this 
case the CR current function cannot be excluded and we need to consider a system of four 
equations instead of the usual two [20]. In Section 3 using Heaviside condition CGLR //    the 
mixed problem to an initial value problem on the boundary is reduced. Finally heuristic reasoning 
is given which justify why one should look for oscillatory and not for periodic solutions. In 
Section 4 we consider the arising nonlinearities and introduce suitable function spaces and 
corresponding families of pseudo-metrics. In Section 5 an operator presentation of the oscillatory 
problem is given. Section 6 contains some elementary Lipschitz estimates of the right-hand sides 
of the system necessary in the next section. Section 7 contains the main result − an existence-
uniqueness of an oscillatory solution by fixed point method [21]. Section 8 contains a numerical 
example that demonstrates the advantages of our method introduced in [20]. 

2. DERIVATION OF BOUNDARY CONDITIONS HEADINGS 

Since we consider lossy transmission lines we proceed from the following system (cf. [20]) 
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where  ),( txu  and  ),( txi  are the unknown functions (voltage and current), while L, C, R and G are 
prescribed specific parameters of the line. For system (1) we formulate the following mixed 
problem: to find  ),( txu  and  ),( txi  in   with initial conditions 

  ,0),()0,(),()0,( 00 xxixixuxu .                   (2) 

To obtain the mixed problem for (1) we have to derive boundary conditions for 0x  and  x . 

In accordance to Kirchhoff’s law (cf. Fig. 1) we have to sum the voltages of the elements  0C  and 

0R  after that to sum the current of  00 RC  and the current of  0L . We assume that the second end is 
terminated by the same configuration (cf. Fig. 1). If   is the length of the transmission line then 

the time for propagation of the wave along the line is LCLCT  )/1/( , where  LC/1  

is the speed of propagation, L is per unit-length inductance and C – per unit-length capacitance. 

 

Fig. 1. A lossy transmission line terminated by nonlinear triode generator circuit 
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On the other hand .),0(
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which jointly with initial conditions (2) form a mixed problem.  

3. REDUCING THE MIXED PROBLEM TO AN INITIAL VALUE PROBLEM ON THE 

BOUNDARY USING THE HEAVISIDE CONDITION CGLR //    

First we present (1) in the form  
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We follow the method from [20]. Transform the matrix 









0/1

/10

L

C
A  in diagonal form by 

solving the characteristic equation 0
/1

/1







L

C
 whose roots are 

LC

1
1   and 

LC

1
2  .  

Denote by  the matrix formed by eigenvectors 















LC

LC
H  and by  

   
   







 


LL

CC
H

2/12/1

2/12/11  its inverse one. Denote by 1can |
/10

0/1 













 HAH

LC

LC
A . 

Introduce new variables 









),(

),(

txI

txV
Z  such that HUZ   ( ZHU 1 ) where 










),(

),(

txi

txu
U . Then 

),(),(),(

),(),(),(

txiLtxuCtxI

txiLtxuCtxV




                                   (5) 



Vasil G. Angelov 
 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)            Page 1002 

and 
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Substituting ZHU 1  in (4) we obtain 
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Multiplying the above matrix equation from the left by H  we obtain 
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The new initial conditions for   ,0x  become 
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Rewrite (8) in the form: 
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and substituting ),( txV  and ),( txI  from (11) into (14) we obtain 
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The mixed problem for (15) can be reduced to an equivalent initial value problem for a neutral 
system on the boundary (cf. [20]).  

Let us put (13) into the boundary conditions (3-1): 
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Choose ),()(),(),0( tJtJtWtW   to be the unknown functions. Then in view of 
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A natural problem is to formulate conditions for existence-uniqueness of a periodic solution of the 
above system. We make arguments, however, which justify why we should look for oscillating 
and not periodic solutions. First we notice that the right-hand sides of the above system are not 
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4. ESTIMATES OF THE ARISING NONLINEARITIES AND INTRODUCING A FAMILY OF 

PSEUDO-METRICS  
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We need also the estimates 
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Remark 4.1. Let us note the left and right derivatives at kt  of (.),W  ),[(.) 0
1  tCJ  may not 

coincide. That is why we introduce a suitable topology for continuous functions with piecewise 
continuous derivatives.  

In view of the above calculations we make the following 
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For the resistors we use V-I characteristics with polynomial type nonlinearities: 
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Introduce the following family of pseudo-metrics 
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The set JW MMMM  10  turns out into a complete uniform space with respect to the family 

of pseudo-metrics (cf. [21]): 
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5. OPERATOR PRESENTATION OF THE OSCILLATORY PROBLEM  

Replacing 0tt   in (18) we obtain conformity condition: 
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Lemma 5.1. Problem (18) has a solution JWRCRC MMMMJiWi  101100
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JiWi RCRC  is a fixed point of B. 
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Conversely, let ),,,(
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JiWi RCRC  be a fixed point of B, that is, ),,,(
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JiWi RCRC  satisfies (20). 
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It follows  



Lossy Transmission Lines Terminated by Triode Generator Circuit  
 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)            Page 1011 

,0))(,,,(
1

11000


kt

kt
RCRCC dssJiWiI 0))(,,,(

1

1100


kt

kt
RCRC dssJiWiU ,      

,0))(,,,(
1

11001


kt

kt
RCRCC dssJiWiI 0))(,,,(

1

1100


kt

kt
RCRC dssJiWiI . 

Therefore 

;))(,,,()(

))(,,,())(,,,( )(

1100000

1

11000
1

1100000
















t

kt
RCRCCLR

kt

kt
RCRCC

kk

k
t

kt
RCRCCLR

dssJiWiIti

dssJiWiI
tt

tt
dssJiWiIti

 

;))(,,,()(

))(,,,())(,,,( )(

1100

1

1100
1

1100
















t

kt
RCRC

kt

kt
RCRC

kk

k
t

kt
RCRC

dssJiWiUtW

dssJiWiU
tt

tt
dssJiWiUtW

 

;))(,,,()(

))(,,,())(,,,( )(

1100111

1

11001
1

1100111
















t

kt
RCRCCLR

kt

kt
RCRCC

kk

k
t

kt
RCRCCLR

dssJiWiIti

dssJiWiI
tt

tt
dssJiWiIti

 

.))(,,,()(

))(,,,())(,,,( )(

1100

1

1100
1

1100
















t

kt
RCRC

kt

kt
RCRC

kk

k
t

kt
RCRC

dssJiWiItJ

dssJiWiI
tt

tt
dssJiWiItJ

 

Differentiating the last integral equations we obtain (18). 

Lemma 5.1 is thus proved.  

6. PRELIMINARY ESTIMATES OF THE RIGHT-HAND-SIDES  

Here we present some preliminary estimates that we use in the next Section 7. 
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For the third component we have 
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For the fourth component we obtain 
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.  

7. EXISTENCE-UNIQUENESS OF AN OSCILLATORY SOLUTION  

The main result of the paper is: 

Theorem 7.1. Let conditions (IN-1), (IN-2), (L), (C), (R) be fulfilled and the following 
inequalities are valid: 
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Then there exists a unique oscillatory solution of (18). 

Proof: One can show (cf. [20]) that the functions  
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It follows 
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For the derivative of the third component we obtain 
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then 
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The operator B has a unique fixed point. It is an oscillatory solution of the above problem on the 
interval ]2,[ TT . 
Theorem 7.1 is thus proved.  

Remark 7.1. The obtained solution on the interval ]2,[ TT  might be taken as an initial function 

and by the same way to obtain a unique solution on ]3,2[ TT  and so on.  
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Consider a transmission line with length m100  and cross-section area 24 mmS  . Specific 

resistance for the cuprum is 0175,0c , the resistance per-unit length is    44,0/ SR c . 

Let ,80,45,0 mpFCmHL     89 10.66,110.6/1/1  LCv ;  75/0 CLZ . Then 
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Let us take 2h . Then for ,50pFcp   )1,0(5,0  pVp  and 16,00   we have 
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The successive approximations could be obtained similarly as in [20].  

9. CONCLUSION  

For the applications one needs only to verify a system of inequalities (cf. 8. Numerical example) 
to make sure that there exists a unique oscillatory solution vanishing exponentially at infinity. The 
solution obtained ),(),,( txJtxW  might be approximated by an advance prescribed accuracy. In 
fact we find actual voltage and current by the formulas 
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One can obtain successive approximations to the solution beginning with simple trigonometric 
functions. It must be noted that  
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