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Definition and Notation 

Let f be periodic with period 2 and Lebesgue integrable on [- , ]. 
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be the Fourier series of  at t=x and let sn(,x) represents the nth partial sums  of the series (1.1) 
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where the binomial coefficient  ( nA
) is defined by 
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Das and Mohapatra [3] have studied a special ( , )N p  method which they called generalized 

harmonic-Cesaro method (Z, ,  ) and which is generated by the sequence   1,:n n np p A  , 

determined by the identity. 
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Where a≥2, is a fixed constant.  

Let 
, ( , )nK f x 

denotes the (Z, ,  ) transform of the sequence of partial sums  ( , )
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the Fourier series. Then  
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We use the following additional notations 
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INTRODUCTION  

It is well known that (See [5] Vol. I p.59) 

 If BV[-,], then 
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Mazhar and AL-Budaiwi[4] obtained a sharper version of this result by showing that n1 
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The objective of the paper is to generalize and extend the above results and work with less 

stringent condition (t)BV in place of (t)BV by using ( , ,Z   ) method. It may be noted 

that similar work for Fourier series has been investigated by the present authors (See [7]) with 

BV, where  is the Rieman Liouville integral mean of  
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In short we prove the theorem as follows 
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Theorem 2  

Let 1. If (t)BV[0,] and > then 
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To prove the Theorems we need the following Lemmas 

Lemma 1 
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Where d is a suitable constant greater than π. 

Note: Chandra and Dikshit have stated case (i) for 0 1   but the result still holds for 

1 1    as their line of argument also valid for the range 1 0   . 

Lemma 3 

For 2, , 1 1a R      , we write 

1
2 2

2

1

( ) log
2sin / 2 2

( ) tan

2log
2sin / 2

0

a t
R R t

t

t
t

a

t

Then for t




 





    
      

     

 
 
  

  
  
  

 

 

i) 
,

1 2

1
cos

2 2 2 (1)
( ) , 1, 2... ,

(log ) (2sin ) (2sin )
2 2

n

R n t
O

H t R
t tn n n



 

  

 


 


  
     

                (3.4) 



Degree of Approximation of Conjugate Fourier Series of Fractional Mean of Function of Bounded 

Variation by (
, ,Z  

) Method 

 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)              Page 896 

ii) 
,

1 1

(log )
12( ) (1) , 1,

(log )
n

a

tH t O R
n n t nt



 

  



 
 




    



                                                   (3.5) 

part (i) is contained in lemma 3 of [6]. 
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Here we shall consider the cases 1   and   1 1    separately. 
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And this completes the proof of part (iii). 

We omit the proof of part (ii) as it can be proved by adopting the above lines of arguments and 

applying (3.10) instead of (3.11) for the estimates of 
( ) ( , )rS n t  and  

( ) ( , )rC n t at appropriate 

stages. 

For part (iv ),we have 
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Collecting (3.20),(3.21),and (3.19) we have the result. 

Proof of Lemma 5(iii) 

By integrating by parts 
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Hence the proof of Lemma 5(iii) 

Proof of Lemma 5(iv) 

By integrating by parts 
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 using Lemma 5(ii) Lemma 5(iv) follows. 

Lemma 6. 

For 0<1, +1> 

(i)    0 01
1

(1)
log ( )

log 2

n

n k

k

O ak
V k V

n n

 
  

   
 

 


   

(ii)      0 0

1

(1) log 2
n

k

k

V O k ak V    

  



   

(iii)     
( )

1 1 1
1

( )1 (1)
log 2 log 2

(log ) (log )

n

k
o

k
n

d u O
a u du k ak V

n n u n n






   

       







     


   

(iv) 
 

 01 1 1
1

| |1 (1) n
k

a
k

n

d u O
k V

n u n


  

 





  


   

Proof.  

Lemma 6(i) follows from 

         
1

0 0 0

1 1

log 2 log 2
1

n n
k n n

k k

n
ak k V V ak k V

 
        

    
 

 
 

 

 
 

   

Proof of Lemma 6(ii) is trivial 



Degree of Approximation of Conjugate Fourier Series of Fractional Mean of Function of Bounded 

Variation by (
, ,Z  

) Method 

 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)              Page 902 

Proof of Lemma 6(iii) 

Integrating by parts 
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Similar to Lemma 6, Lemma 7 could be verified. 
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Proof of Lemma 8 (ii)  

Using Lemma 4(iii) and (5.1.11), we have 
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Hence the Lemma. 

4. Proof of the Theorem 1 

Following the line of arguments given in (See [5], Vol.1 p.95  ),we have 
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Now using the inversion formula (See [1]) 
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in (5.4.1) we get 
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Now on integration by parts, I1 reduces to  
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Since 
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Using the formula (4.5) in I1 we have 

  I1=I11+I12     (say) 

By using |(t)|  tV0  , we have 
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In order to evaluate I12 we note that 
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by Lemma 4 (i).  
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From (4.6) and (4.8) we have  
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 1 0(1) nI O V

                            (4.9) 

By integration by parts 
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by Lemma 5(i) 

Now integration by parts 
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Since    
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By Lemma 5(iii) and Lemma 6 
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From (4.10) (4.11) and (4.12) 
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Now collecting the result from (4.9), (4.13) and using in (4.3) we have 
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Proof  of the Theorem 2 

Following the line of arguments given in  (See [5], Vol. 1 p.95  ) ,we have 
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by Lemma 8(i) and (ii). 
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Now using the inversion formula (See [1]) 
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in (5.4.15) we get 
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Using the formula (4.18) in (4.17) we obtain 
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For estimate of K12 we note that 
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From (4.19) & (4.20) 
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Now using the inversion formula (See (1)) 
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by Lemma 5 

Now integrating by parts 
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Further by Lemma 5(iv) and Lemma 7(iii) & 8(iv) 
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From (4.24) (4.25) and (4.26) 
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Now collecting the results from (4.21) (4.27) and using in (4.14) we get 
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Further using Lemma 7(i) 
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Hence the proof of the Theorem 2 
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