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§§ Problem 13:                                                  SRMs (189) p and   NBSR Vol. II p 193 

Let a x( , )  = (1 + a)(1 + ax)(1 + ax
2
)(1 + ax

3
)(1 + ax

4
) . . . . and so on   --------------------- ( 13.1 ) 

Then (i)  
n

a x

ax x

( , )

( , )




= (a + x)

n
  when x = 1                                                                              ( *.1 ) 

         (ii) 
n n

x x

x x x1

( , )

(1 ) ( , )


 

  
= n! where x = 1                                                                     ( *.2 )  

(iii)  a x( , )  = 
a x

a x x

( , )

( , )




                                                                                          ( *.3 ) 

Solution: 

Note. S.R.denotes a x( , ) as the product of infinite number of terms of the type ( 1 + ax
k
)  

 i.e., a x( , ) = 
k

k m

ax(1 )




  

( i) To establish the result (*.1) 
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n
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n
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n
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n
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                                                                                                       (13.2) 

By definition (1)  

a x( , )  = (1 + a)(1 + ax)(1 + ax
2
)(1 + ax

3
). . . . (1 + ax

n-1
) (1 + ax

n
)(1 + ax

n+1
) . . . . . .  .  

                = (1 + a)(1 + ax)(1 + ax
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)(1 + ax

3
) . . . . . . (1 + ax

n-1
) 

k

k m

ax(1 )




                        (13. 3) 

                = (1 + a)(1 + ax)(1 + ax
2
)(1 + ax

3
) . . . . . . (1 + ax

n-1
) 

nax x( , )   


n

a x

ax x

( , )
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 = (1 + a)(1 + ax)(1 + ax

2
)(1 + ax

3
) . . . . . . (1 + ax

n-1
)                                     (13.4) 

When x = 1, R.H.S. of (4) = ( 1 + a ) ( 1 + a ) ( 1 + a ) ( 1 + a )  . . . . . . ( 1 + a )  (n times) 

                                           = ( 1 + a )
n
  

This establishes the result ( *.1 ) 

(ii) To establish the result (*.2)  

x x( , )   = ( 1 – x )(1 – x
2
)(1 – x

3
)(1 – x

4
) . . . . . . . . . . . . . . . . . .  =  

k

k

x
1
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                                                       =  1. (1 + x)(1 + x + x
2
)(1 + x + x

2
 + x

3
) . .  . factors         (13. 5) 

The last factor on the R.H.S. of the above expression = 1+x+x
2 
+x

3
+ . . . .+ x

n-1 
( n terms) 

When x = 1, R.H.S. of (13.5)  = 1.2.3.4. . . . . . . . . .n = n!  

This establishes the result (*.2) 

(iii) To establish the result (*.3) By definition (1), we have  

a x( ,x)  
 = a x x a x x a x2 3

(1 )(1 a .x)(1 . )(1 .x )..........     

a x( , )  
 = a ax a ax a

3 51
2 32 2 2(1 )(1 ax )(1 )(1 x )(1 )(1 x )(1 ax )..........      

 

a x ax x ax x ax x2 2 3
{(1 a)(1 ax)(1 ax )........)}x{(1 )(1 )(1 )(1 )......}          

                  a x( , ). a x( ,x)  

 a x

a x x

( , )

( , )



  

= a ax2 3
(1 )(1 ax)(1 )(1 ax )..........      a x( , )  

This result (*.3) is established. 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 14:                             SRMs (1) P 105, NBSR Vol. I p 209 and Vol. II p 143 

                           (*) 

Note.  ( i ) This fascinating representation of an integer as a nested square root expansion finds a 

place in the collected works of S.R. (p.323) 

( ii ) This was a problem proposed by S.R. in the Journal of Indian Mathematical Society ( 

problem No. 289, Vol.III (     ) p.90). The problem created an astonishment amongst the problem 

solvers on the land. “An integer can be expressed as a nested square root assembly – on the face 

of  it  an irrational ! How is this possible !!”   

The problem was referred back by the Editorial Board of J.I.M.S. to S.R. for clarification and to 

provide the solution. S.R. responded by giving the solution to the problem and also provided 

examples such as following. 

Solution: Let  { L.H.S. of *}
2
  = f (x)  (say)                          -----------------------------                ( 1 ) 

         i.e., f ( x ) = ( x + n + a )
2
   ( Expanding the R.H.S. of (1) and rearranging the terms) 

                          = ax + ( n + a )
2
  + x {( x + n ) + ( n + a ) } 
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                          = ax + ( n + a )
2
  + x                        -------------------------              ( 2 )  

This result ( 2 ) may be construed as a iterative formula for expressing f ( x + r ) 

∴ {L.H.S. of *}=     =             using ( 2 )  

 =  

 =  ax n a x a x n n a x n a x n n a x n f x n2 2 2
( ) ( ) ( ) ( ) ( 2 ) ( ) ( 2 ) ( 3 )                

 =  

      +                                           

  . . . . . . . . .   and so on. R.H.S. of *. 

This establishes the result *    

Deductions : 

( i ) When x = 1, n = 1, a = 1, we get  

3=  

and so on 

( ii ) When x = 2, n = 1, a = 1, we get  

4 =   . . . .   

and so on 

( iii ) When a = n = x we get  

3x =   

. . . . . .  and so on. 
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      =   and so on and many 

more such results. 

( iv) When x = 3, n = 1, a = 1, we get  

2 2 2 2 25 (3 2 ) 3. (4 2 ) 4 (5 2 ) 5 (6 2 ) 6(7 2 ) ..........            and so on. 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 15                                                                                         NBSR Vol.       p.  

§ 3 =          (*)               

Solution : 3 =  

                    =                                                   9 = 1 + 8 = 1 + 2x4 =   

                    =                                    16 = 1 + 15 = 1 + 3x5 =          

                    =                          25 = 1 + 24 = 1 + 4x6 =  

                    =               36 = 1 + 35 = 1 + 5x7 =  

                    =         49 = 1 + 48 = 1 + 6x8 =   

                    . . . . . . .  . . .  and so on.                  

                  = Result of  * 
NOTE : (1) Observe the occurrences of  square numbers at the right end of each step. 

(2) This example appeared as a problem in the William Lower Putnam Competition in the year 

1966 and also in many talent tests conducted at National and International levels during the last 

four decades. 

(3) The representation * of 3 as nested square roots is not unique. The representation changes with 

the partitioning of 9 (= 3
2 

) as illustrated here under. As a matter of fact, this non – uniqueness of 

the nested root representation is true for any number. 
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ILLUSTRATION: I. 

           3 =                                                                    (  ∵ 9 = 6 + 3 = 6 +   ) 

              =                                     

              =                                                                

              =       and so on.                          

ILLUSTRATION : II. 

           3 =    

              =     =                                   9 = 3 + 6 = 3 + 2  

              =     . . . .. . . . . . . . . . . . . . . . . . . . and so on.                         

ILLUSTRATION : III. 

           3 =    

              =                                                                         9 = 5 + 4 = 5 +2   

              =    =                   4 = 2 +         

              =   . . . . .. . . . . . . . . . . . . . . . . and so on.                           

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 16:                       

§  4 =                                                     (*) 

Solution:  4 =   = =          ( ∵ 16 = 6 + 10 = 6 +2    and  25 = 7 + 18  =7+ 

 ) 
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                    =                                                    36 = 8 + 28 =8 +   

                    =                                      49 = 9 + 40  =  

                     =                        64 =10 + 54 =   

                    =        81 =11 + 70 =  

                    =     . . . . . . .  and so on.                          

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 17 :                           PROBLEM No. 289 suggested by S.R. to JIMS Vol. III p 30 

   § n( n + 2 ) = n  and 

so on.   *   

Solution: 

Let f(n) = n(n+2) 

             = n                                (n+2)
2
 = = 1 + (n+1)(n+2) = 1 + f(n+1) 

             = n                                     

This relation can be taken as recurrence formula for f(n) 

 

∴ f(n) =  n  

           = n   and so on. 

Hence   
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n( n+2) = n  and so on. 

Special Cases :  

(i) When n = 1 , L.H.S. * = 3, then 

3 =    

(ii) When n = 2, L.H.S. * = 8, then 

8 =    

  ∴ 4 =  

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 18 :                                                                                                        NBSR 

§ n( n + 3 ) = n  and so on. *   

Solution: 

Let f(n) = n(n+3) 

             = n                            { ∵ (n+3)
2
 = (n+5) + (n+1)(n+4) = n+5 + f(n+1)} 

              = n                                                 

 a recurrence formula for f(n) = n(n+3) 

∴ n(n+3) =   

                  = n  

                 = n   and so on. 

                 = n  and so on. 

This establish the result  *  
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Corollary: Cancelling the common factor n on both the sides of * , we have  

(n+3) =     

Deductions:  (i) When n = 1, we get 

4 =   and so on. 

(ii) When n =2, we get 

5 =   and so on. 

(iii) When n = 3, we get 

6 =   and so on. 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 19 :                                                                                 NBSR Vol.II P.143 

§  2 cosθ =  =  =      *  

Proof :  

    2 cosθ =                   [∵4cos
2
θ = 2.2cos

2
θ = 2(1+ cos2θ) = 2 + 2cos2θ ] 

               =  

               =                    [∵4cos
2 
2θ = 2 + 2cos4θ ] 

               =  

               =          [∵4cos
2 
4θ = 2 + 2cos8θ ] 

               =     This establishes the results shown by  * 

 

NOTE: 

(i)  Repeating the above process n times, we get 

              
n2cos 2 2 2 ........... 2 2cos(2 )         

(ii) Repeating the process indefinitely, we get  

       2cos 2 2 2 2 2 2 ............        and so on 

(iii) When θ = 0, we get 
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  2 2 2 2 2 2 2 ............       and so on 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 20                                                                           NBSR Vol.II P.143 

§  2 cosθ = 
3 3 3 32cos3 3 2cos3 3 2cos3 3 2cos3 ...............                        

(*.1)                                              

=
3 3 3 36cos 6cos3 6cos9 6cos 27 ...............        and so on .     (*.2) 

Proof:  

To establish (*.1) : 

2 cosθ =   =                             (∵ 4cos
3
θ = cos3 θ  + 3cos θ )  

           =                         . . . . . . . . . . . . . . . . . . . . . .     ( 1 ) 

           =  

           =                    

           =
3 3 3 32cos3 3 2cos3 3 8cos             ( ∵ 8cos

3
θ  = 2[cos3 θ +3cos θ ] )    

               = 
3 3 3 3 32cos3 3 2cos3 3 2cos3 3 8cos 3      ( ∵ 8cos

3
θ  = 6cos θ 

+
3 38cos 3 ) 

           = 
3 3 3 32cos3 3 2cos3 3 2cos3 3 2cos3 ...............        and so on.             

Note :  

When θ = 0, we get   
3 3 3 3 32 2 3 2 3 2 3 2 3 2 ............        

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

§   Problem 21 :                                                                                    Not from NBSR 

2sinθ      =                              [ ∵ 4sin
2
θ = 2.2cos

2
θ = 2(1- cos2θ) = 2 - 2cos2θ]  

               =  

               =     

               =    
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               =  

               =  

               =    

               =  

               =   .  . .  . .  . . . .  . . . . . . . . . . . . . 

                 
n2 2 2 .............. 2 2cos(2 )       = ( n – nested square roots )  

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 22:                                                                                  NBSR Vol. II  p.305 

          § 2 2 2 2 2 2 2 2............         =  = 2 sin 10
0 

 

Proof: 

 =                                                               .  .  .  .  .  .  .  .  .  .  .  .      

( 1 ) 

              =  

              =                                             ( 2sin
2
θ = 1 – cos 2θ ) 

              =         

              =                                 ( 2cos
2
θ = 1 + cos 2θ ) 

       

 

              =    

=             (cos  = sin  = sin   )           
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=                      .  .  .  .  .  .  .  .  .  .  .  .  .  .                   ( 2 )  

The last term  sin in (2)  is the L.H.S. of ( 1 )  

By repeating the steps from (1) to ( 2 ) , we obtain 

  = 2 2 2 2 2 2 2 2............        

NOTE: The distribution of the sequence of the signs:  -  + +  -  +  +  -  is to be noted.   
--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 23:                                                                                       NBSR Vol. II p 305 

§  -1= -1 = 8 8 8 8 8 8 8 .. . . .       and so on- - *   

Proof:  

-1 =  
2

0
2 3 cos10 1

 

                                  = 
2 0 0

12cos 10 4 3 cos10 1    

                                  =  0 0
6 1 cos 20 4 3 cos10 1                  [2cos

2
θ = 1 + cos 2θ ] 

                                 = 
0 0 0

7 4 3 cos 30 cos 20 4 3 cos10    

                                                                           [6= 2.3=2 = 2 (2cos30
0
)] 

                                 =  0 0 0
7 2 3 2cos 30 cos 20 4 3 cos10                        

                                 =  0 0 0
7 2 3 cos50 cos10 4 3 cos10     

                                        

                                  = 
0 0

7 2 3 cos 50 2 3 cos10 
  
 [2cosAcosB= cos(A+B)+cos(A-B)] 

                            = 
0 0

7 2 3(cos50 )cos10                          

                            = 
0 0

7 4 3 sin 30 sin 20                                          

    

                            = 
0

7 2 3 sin 20                                          0 1
sin 30

2

 
 

 
       

                            = 
0

8 (1 2 3 s )in 20                               
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                            =  
2

0
8 1 2 3 sin 20                            

                            = 
0 2 0

8 1 4 3 sin 20 12sin 20                            

                            =  0 0
8 1 4 3 sin 20 6 1 cos 40                            

                            = 
0 0

8 7 4 3 sin 20 6 40   cos                                        

                            = 
0 0 0

8 7 4 3 sin 20 4 3 cos 30 cos40         [6= 4 cos30
0
]     

                            =  0 0 0
8 7 4 3 cos70 2 3 cos70 cos10                                 

                                       [sin20
0 
= cos70

0 
 and  2cos30

0
cos40

0
 = cos70

0
 +cos10

0
]  

                            =  0 0
8 7 2 3 cos 70 cos10                         

                            =  0 0
8 7 2 3 2sin 40 sin 30       

                            = 
0

8 7 2 3 sin40                           

                            =  0
8 8 1 2 3 sin 40                                

                            =  
2

0
8 8 1 2 3 sin40                            

                            = 
0 2 0

8 8 1 4 3 sin40 12sin 40         

                          

                                    =  0 0
8 8 1 4 3 sin40 6 1 cos80                 

                             =  0 0 0
8 8 7 4 3 cos50 2 3 cos110 cos50      

      [sin40
0 

= cos50
0 
 and  6cos80

0
 = 4 cos30

0
cos80

0
 = 2 (cos110

0
+ cos50

0
]  

                             =  0 0
8 8 7 2 3 cos50 cos110     
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                             = 
0 0

8 8 7 2 3 2sin80 sin30   .  

                             = 
0

8 8 7 2 3 cos10        [sin80
0 
= cos10

0
 and  ] 

                             =  0
8 8 8 2 3 cos10 1      .  .  .  .  .  .  .  .  .  .  .  .  ( 2 )  

The term  is on the L.H.S. of ( 1 ).  

By continued iteration on ,  

we obtain the result.   

 - 1 = -1 = 8 8 8 8 8 8 8 .. . . . . .       and so on. 

Remark:  The pattern of the signs in the series   -  -  +  -  -  + . . . . . . . . . . is worth noting. 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

§ § PROBLEM 24 :                                                                                        NOT FROM NBSR 

3 3 3 3 3 33 11 8 5 11 8 5 11 8 5 .. . . . . . . . . .                                          * 

Solution:  

33 27   

    
3 311 8 8                                                         27 = 11+ 8.2 = 11 + 8. 3 8  

    
3 3 311 8 5 27                                      8 = 5 + 3 = 5 + 3 27  

Repeating the expression for 
3 27  again and again, we get    

3 3 3 3 3 33 11 8 5 11 8 5 11 8 5 .. . . . . . . . . .      
   

This establishes the result *. 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 25:                                                                                                     NBSR Vol. II p 143 

§ x = a x a a a a x a a a a x a a a2 2 2
1 1 1 2 1 2 2 3 2 3 3 4( 2 ) 2 ( 2 ) 2 ( 2 ) ... . . . . .           and so on. 

Proof:  

                 x = a1 + ( x - a1) 

                 = x aa 11
2

( )                                               . . . . . . . . . . . . . . .  ( 1 ) 

                 = a x a xa2 2
1 11 2                    

                 = x a a a a x aa a2
1 1 2 1 1 21 ( 2 ) 2 2                 

                 = x a a a aa x a2
1 11 2 1 2( 2 ) 2 ( )     
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                 = x a a a a x aa 2 2
1 1 2 1 21 ( 2 ) 2 ( )     

By continued recursion., we get  

x = a x a a a a x a a a a x a a a2 2 2
1 1 1 2 1 2 2 3 2 3 3 4( 2 ) 2 ( 2 ) 2 ( 2 ) ... . . .           and so on. 

Corollary: 

When  a = a1 = 2a2 = 2
2
a3 =2

3
a4= . . . . . . . . . . . . . . . . = 2 

n-1
an . .  . . . . . .  

We have  x a x a x a x a x a2 2 2 2
2 .. . .        and so on. 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

Problem 26: §  SR Type Nested square root problems not from NBSR 

1. 6 =  

   =  

   =  = 6 5 6 5 6 5 6 5 6...........    and so on. 

6 =  

   =    

   =   
2 25 5 5 5 36       

   = 
2 2 25 5 5 5 5 5 36       

   = 
2 2 2 25 5 5 5 5 5 5 5 36...........        and so on.    

2. 6 =  

   =    

   =   

   =   

   

 = 4 4 4 4 5 20X11    

    = 4 4 4 4 5 20 121                 

    = 4 4 4 4 5 20 5 4 841              [∵121=5+116 =5+4 x 29=5+ 4 ] 

    = 4 4 4 4 5 20 5 4 5 4 2092 .........       and so on. 

7 =  

   =  
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   =                             [42 = 6 x 7 = 6   ] 

   =   

   =  

   = 7 6 7 6 7 6 7 6 7 6 49 .........       and so on 

          7  =  

   =  

   =                                   [∵ 39 = 3 x 13 = 3   ] 

   =             [∵169 = 13 + 12 x 13 = 13+ 12   ]  

    = 10 3 13 12 13 12 13 12 13 12 169 .........        and so on.   

         13 =  

   =  

   =  

    = 13 12 13 12 13 12 13 12 13 12 169 .........      and so on. 

--------------------------------------------------------------------- -----@@@@---------------------------------------------------------------------------- 

                                                                          ------------------  ( To be continued ……)  
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