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1. INTRODUCTION 

Design of control may be based on fitting the outputs to the references, which sometimes are known in 

advance, another time they may be estimated. The optimization in the paper is carried out through the 

optimization method "optimized stochastic trajectory / output sequence tracking" (OSTT), which is 

extension of the deterministic optimization method "optimized trajectory tracking" (OTT) [4], [5]. The 

finite horizon control problem may be solved through a sequence of optimization on a section of two 

control stages. Application of two-stage optimization is based on the fact that the optimum on a finite 

horizon in general isn't equal with the sum of one-stage optimums, and OTT and OSTT show how to 

compute it. Solution of the optimum infinite horizon control problem (computation of the steady state 

optimum feedback gain) can be accomplished through optimizationon on a section of two control stages 

and limit value calculation. Stochastic control can be computed similarly as deterministic one, taking 

into consideraton the differences. 

2. MODEL, PERFORMANCE INDEX AND PREDICTION 

2.1. Model 

The plant to be controlled is supposed to be given with a stochastic model, e.g. with the ARMAX transfer 

function model (ARMA autoregressive moving average model [3] with exogenous inputs), which for 

one step delay in the control signal is 

G( q−1) y( t) = q−1 H( q−1) u( t) + L( q−1) e( t).                                                                                                                       (1) 

In (1) G(q-1), H(q-1) and L(q-1) are polynomials of appropriate dimensions and q-1 is the backward shift 

operator [1], 

G(q-1)=1+g1q-1+…+gngq-ng,                                                            (2) 

H(q-1)=h1+…+hnhq
-nh,                                                            (3) 

L(q-1)=1+l1q
-1+…+lnlq

-nl,                                                            (4) 

where t is time, y(t) is the output, u(t) is the input, e(t) is white noise sentence of independent random 

variables with zero mean. 

2.2. Performance index 

For f inite hor izon l inea r  I/O optimum stochastic tracking and references known in advance, the 

performance index (PI) may be 
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2.3. Prediction 

where D, H, L, F are polynomials of appropriate dimensions, , d=deg G - deg H and F mut satisfy the 

polynomial relationship [1], [2] 

G(q-1)D(q-1)+(q-d)F(q-1)=L(q-1). 

The control signal can be obtained from solution of the control problem with optimization.  

3. FINITEAND INFINITE HORIZON OPTIMUM CONTROL 

3.1. Finite Horizon Optimum Stochastic Tracking 

The solution for the optimum control signals can be obtained on the whole horizon with (6) through a 

series of optimizations. It is asumed that estimates have been obtained on all the past outputs. When 

applying the two-stage optimizations, optimum value of the control signal on the second stage is 

obtained in function of the control signal on the first stage. However, a question is the u(t0)opt optimum 

value of the control signal at the first stage of horizon. Solution of the corresponding model predictive 

control (MPC) problem gives the optimum output sequence between the initial point and end point 

[5]. When solving the MPC problem, it is assumed that all the future disturbances are zero [5]. Since 

future disturbances can't be taken into consideration in advance, u(t0)opt is common both for MPC and 

optimum stochastic tracking. Optimum value of ŷ(t0+1) can be estimated with this u(t0)opt. and the 

optimum control signals can be computed on the whole horizon. 

3.1.1. Computation of the optimum initial control signal 

The computation can be achieved with (5) and (6), with e(t+i)=0, i=1,2,..Suppose an optimum output 

sequence in function of a selected u(t0) starting control signal has been computed on the time interval 

[t+1, t+i+1]. The next unknown optimum output can be computed through the optimization 
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where h i an appropriate small value. The Newton method can be generalized for multivariable systems 

through use of the Jacobian matrix. If the receding horizon principle is used, only variables on the first 

stage are kept, the others are discarded, and the procedure is repeated at the next sampling instant. The 
design method can be generalized for multivariable systems through applying vectors instead of scalars.                                           

3.2. Infinite Horizon Stochastic Tracking 

The control method descripted in section 3.1.1. can be used on infinite horizon, too. In this case the 

starting u(t0) control signal is selected, e.g. from (12), and u(t0)opt is not estimated. However, new two-
stage optimization has to be made at each section. The computation can be simplified, if the steady state 

feedback gain is used to the control. (11) can be separated for a dynamic feedback and a feedforward 

prefilter depending on r(t+i+1) and r(t+i+2). From (11) the control signal on the first stage of a two-
stage section can be expressed. Assume that r(t+i+1)=r(t+i+2)=0. 

Then 
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However, there is less guarantee for stability or good quality of control, if the feedback is made in the 

above way, 

4. EXAMPLE 

 

If only feedforward solution is sought, (21) may include for better result an additional term e(i+1),which 

is available, when computing u(i+1). However, to the feedback solution the control signal has to be 
given out one step earlier, consequently e(i+1) is not available, when computing u(i). Therefore, (23) is 

the feedforward solution to compute the feedback. Simulation results with  λ=0.1  can be seen on Fig. 1: 

 

FIGURE1. Simulation result with receding horizon control 

This problem has been solved with the optimum output estimation (8), too, and the computation can be 

seen in [6]. The obtained feedback solution is 

 

(25) is at the same time solution of an MPC problem with the above conditions. 

5. CONCLUSIONS 

The paper shows that control design based on two-stage optimizations, both on finite and infinite 
horizons, can be extended for optimum linear stochastic tracking with I/O equations, too, and describes 

the proposed design method. Results of simulations are also satisfactory, agreeing with former findings, 

that the two-stage optimum tracking is more accurate that the one-stage one. 
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