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Abstract: In this paper, a known theorem dealing with |C,05,,3,5|k -summability factors has been

generalized for |C, &, 3,7, 9 |, -summability factors. Our theorem is based on some known results.

1. INTRODUCTION

Let Ta, be a given infinite series with partial sums (s,) . We denote by u®” and t*# the n-th

Cesaro means of oprder (&, ), with ¢+ 2> —1 of the sequence (S,) and (na,) respect ively
(Browein [4]).

1 s -1
ur’ =—=% ATA’s, (1.1)
A S
= iﬁiA?:anv (1.2)
Ah v=0

where A7 =0(n**"), A7’ =1, and A*” =0 for n<O0.
The series Xa, is said to be summable |C,a, B |,k =21 if (Das [6])

>t —ud <o (13)
=1

Since (Das [6]) t*# =n(Uu®” —u®?) then

o0 o0 l

2N —unl =3 0 <o (1.4)
n-1 an

The series 2@, is summable |C, e, 5,5 |,,k =21 and 6 >0 if (Bor [1])

DM —upf = P g <o (L5)
=1 —n=1

And XZa, is summable |C,a, f,7,0|,,k>1,06>0 and y >1 if

iny(b‘mk—l) pzx,ﬂ —u“*f k_ i n? 6k |ta,ﬁ |k< o0 (1.6)
n=1 —n=1

If we take y =1 then |C,a, S, 7,0 |, -summability reduces to |C,«, £, |, -summability. If we
take y=16=0,3 =0 then |C,a, B,7,9 |, -summability reduces to | C, & |, -summability.

A sequence (4,) is said to be convex sequence if A’ >0 where A*A, =A4, —A4,,, and
AL, =4 — A,
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2. KNOWN THEOREM

Bor [2] has proved the following theorem

Theorem 2.1 If (4,) is a convex sequence such that Zn‘l/In is convergent and the sequence
(W.*#) defined by

WP |, a=1, B>-1 (2.1)
W =max [t*” |, 0<a <1, B>-1 (2.2)

1<v<n
Satisfying the condition
(n°W,~”)* = O{(logn)**““} (C,1) (2.3)
Then the series Z(log(n+1)) ®*Pa A, is summable |C,a,p, 5], for O<a <1, B>-1,
k>1,0620, p=0and a+f—-5>0.

3. THE MAIN RESULT

Generalizing theorem 2.1 we have proved the following theorem.

Theorem 3.1 If (4,) is convex sequence such that n~*A_ is convergent and sequence (W, *”)
defined by (2.1) and (2.2) satisfying the condition

(7 CPRW 7)) = Of(logn)** 7} (C,1)

then the series Xlog(n+1)""*Pa A is summable |C,a, B,7,5|, for 0<a <1, B>-1,
k>1,6>0, y>1, p>0and a+f—-y(0-1)>0.

4. LEMMAS

We need the following lemmas for the the proof of our theorem.

Lemma 4.1 (Chow [5]) If (4,) is a convex sequence such that the series =n~4 is convergent,
then (4,) is non-negative and non-increasing,

nAA, =0() as n—> o

and

A, logn=0(1) as n > ©

Lemma4.2 (Bor[3]) If 0<a <1, >-1and 1<v<n then

)

a-1pp
ZAPPAP ap
p=0
Lemma 4.3 (Prasad [8]) If ((log(n+1))"™*™"X ) satisfies the same condition as (4,) in
lemma 4.1 then

n(log(n+1))***AX  =0(1) as N —
and

S nlog(n +1))**1A2X, = O(1) as M — o0

n=1
Lemma 4.4 (Lal [7]) If (4,) is a convex sequence such that the Zn‘lﬂn is convergent then for
p>0and k>1

0 A(ﬂn )k

= (log(n +1))PD+v?

m

2AA,

p=0

< max

1<ms<v

=0(1) as m—> oo

5. PROOF OF THE THEOREM

We write
A

X, = - prk1
(log(n+1)
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Let (T**) be the n-th (C,a, ) mean of the sequence (na, X,) then

1 n
Tna'ﬁ = a+p ZA?:llA\/ﬁvavxv
Aq v=1
By Abel’s transformation and using lemm 4.2, we have that
" 1 n-1 v o . X n o
Tn f = Af+ﬂ ZAXVZAw—ulAﬂIai +A1a—fﬂz Aw—vlp\/ﬂvav
v=1 i=1 v=1

ia|+

a-1

1 n-1
a.p
|Tﬂ |S A?Hﬂ ;AXV - a+p

n-1
S o A A A, X W
v=1

=TSP +T57 (say)
Since
T + T < 20T 1+ TS 1)
In order to complete the proof of the theorem, it is sufficient to show that

STl < oo for r=1,2.

n=1

D AANR,

1 1
whenever k >1, we can apply Holder's inequality with k and k’, where —+— =1 we get that

k

m+1 m+1 n-1
3 0D s ‘< S e iﬁ SAT AW AX,
n=2 n=2 v=2
m+1 n;/(5k -1) ok p n-1 k-1
~o M e ax ey S|
m+1 1
- O(1)Zv(“*ﬂ)kAXV(VVV‘“ﬂ ).

e~ ny+(a+,8—é';/)k

_ (a+p)k a+f
0(1)Zv AX, W[ m

— O(l)ZAXVVy(ﬁkfl)ﬂ (\Nva,ﬁ)k
v=1
m+1

= O(l)ZA(AX )Z(py(é'k l)+l(vva ﬂ) +O(1)AX Zvy(ﬁk 1)+1(Wa ﬂ)

= O(l)z v(log(v+1))"* T A%X, +O(m(log(m+1))***AX )

v=1
=0(1) asm—»
By the application of lemm 4.3 similarly, we have that
in}’wkfl) ‘X Wa+ﬂ O(l)z ny(ék 1)+1 a, ﬂ)k
n n

n=1

— O(l)ZA(nflx )Zvy(ék l)+l(Vva ﬂ) +O(1) Zvy(ﬁk l)+l(vva ﬂ)

= O(l)z n(log(n+1))"* AN X ) +O(X K (log(m +1)) ")

= O(l)En‘er'j (log(n+1))"** + 0(1)En-1xnk (log(n+1))P**AX K

n=1 n=1
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+O@)((log(m+1)) """ X7)
_ O(l)i (4, log(n+1))

n=1 (n +1)(|Og(n +1))1+p(k—1)+k(k_1)

+oa{ (4 log(m +1))" j

(log(m+1)) Pk Dkk-D4
—O(1) asm —soc

AL
(log(n +1)) P2’

+O(1)§

By the application of lemm 4.4.

This completes the proof of the theorem.

6. CONCLUSION

Above theorem gives the more general results in comparision of the theorem of H.Bor and will
have an important place in the existing literature.

ACKNOWLEDGEMENT

The author wish to thanks the referees for their careful reading of the manuscript and for their
helpful suggestion.

[1]
[2]

(3]
[4]
[5]
[6]
[7]

(8]

REFERENCES

Bor, H.; On the generalized absolute Cesaro summability, Pac. J. Appl. Math. (2009).

Bor, H.; A new factor theorem for absolute Cesaro summability, Bul. Of Math. Analysis and
Appl. Vol. 3 (2011).

Bor, H.; On a new application of quasi power increasing sequences, Proc. Est. Acad. Sci. 57,
(2008).

Borwein, D.; Theorems on some methods of summability Quart. J. Math. Oxford, Ser. 9
(1958).

Chow, H.C.; On the summability factor of Fourier series, J. London Math. Soc. 16 (1941).
Das, G.; A Tauberian theorem for absolute summability, Proc. Camb. Phil. Soc. 67 (1970).
Lal, S.N.; On the absolute summability factors in infinite series, Bull. Acad. Polon. Sci.
Math. Astronom. Phys., 17 (1969).

Prasad, B.N., Bhatt, S.N.; The summability factor of a Fourier series, Duke Math J., 24
(1957).

AUTHORS’ BIOGRAPHY

Mr.Aditya Kumar Raghuvanshi is a research scholar in the departmet of
Mathematics, IFTM university Moradabad,India. He has compeleted his
M.Sc.(Maths) and M.A.(Economics) from MJPRU Bareily India, B.Ed.
from CCSU Meerut India and he has also compeleted his M.Phil.(Maths)
from The Global Open University Nagaland India. He has published 14
research papers in various International Journals. His fields of research are
Operation Research, Summability and Approximation Theory.

Mr.Ripendra Kumar is presently a research scholar in Department of
Mathematics IFTM University Moradabad. He compeleted M.Sc.(Maths)
in 2003 from Kumaun university Nanital. He also qualified C.S.I.R.-NET
exam in mathematics held on December 2006.

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page | 261



