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Abstract: For the purpose of simultaneous market consistent valuation of insurance liabilities and/or
asset prices from financial markets, an alternative to the Black-Scholes-Vasicek deflator is derived. It is
based on a simple multivariate exponential variance-gamma process associated to a multivariate Lévy
process, whose components are drifted Brownian motions time changed by a common independent gamma
subordinator. The logarithm of the multivariate variance-gamma deflator is linear in the variance-gamma
components. The practicability of the state-price deflator approach is demonstrated by determining the
price of the Margrabe exchange option with a bivariate exponential variance-gamma real-world or
deflated price process. Applications to both Insurance and Finance are mentioned. In a specialized
bivariate exponential variance-Erlang model, the formulas simplify to analytical closed-form expressions.

Keywords: Black-Scholes model, variance-gamma process, state-price deflator, market price of risk.

1. INTRODUCTION

It has long been observed that insurance liability data and financial returns exhibit non-zero
skewness, kurtosis and heavy tails, which cannot be captured by a Gaussian process. A typical
example is the Black-Scholes-Merton lognormal model used in option pricing. Modern Actuarial
Science and Finance is more and more focusing on alternative stochastic processes that enable the
modeling of non-Gaussian characteristics. However, the construction of multivariate non-
Gaussian processes for the simultaneous modeling of real-world insurance liabilities and/or asset
prices from financial markets is a complex topic, which seldom leads to simple analytical
formulas. Moreover, for market consistent valuation one needs to deflate these processes with so-
called state price deflators or use an equivalent martingale measure for deflated price processes as
argued in the Remarks 4.1. Though general frameworks for deriving state-price deflators exist
(e.g. [1], [2]), there are not many papers, which propose explicit expressions for them and their
corresponding distribution functions.

The goal of our contribution is two-fold. First, we propose an alternative to the multivariate
Black-Scholes-Vasicek (BSV) deflator introduced in [3] (see also [4]). For the interested reader
we remark that the article [5] contains an extension of the Black-Scholes deflator to a more
general version with interest rates as additional source of randomness. From a mathematical
viewpoint, it is natural to investigate other generalizations, namely the consideration of alternative
asset price processes for use in incomplete financial markets. Indeed, let us assume that asset
prices admit no arbitrage. Then, there exists a unique state-price deflator if, and only if, the
market is complete. Otherwise, if the market is incomplete, several state-price deflators exist and
pricing is not uniquely defined. Therefore, the study of state-price deflators is motivated by one of
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the main problems of Modern Finance, which consists to understand the pricing of arbitrary
portfolios in incomplete markets.

A valuable and popular competitor to the ubiquitous multivariate exponential Gaussian process is
the multivariate exponential variance-gamma process presented in Section 2. It is obtained from a
multivariate Lévy process, whose components are drifted Brownian motions time changed by a
common independent gamma subordinator. This process has been previously considered in [6]
and [7]. For a better understanding of the state-price deflator approach, we recall briefly in
Section 3 the construction of the BSV deflator. Proceeding similarly, the logarithm of the
multivariate variance-gamma deflator is assumed to be linear in the variance-gamma components
and its coefficients are explicitly determined in Theorem 4.2.

As second goal, the practicability of the present state-price deflator approach is demonstrated by
pricing the Margrabe exchange option with a bivariate exponential variance-gamma real-world or
deflated price process. Theorem 5.1 displays Margrabe formulas for the bivariate exponential
variance-gamma real-world price process. Analytical closed-form expressions are obtained for the
bivariate exponential variance-Erlang special case. Based on the VG deflator, we derive in
Theorem 6.1 Margrabe formulas for the corresponding deflated price processes. Example 6.1
illustrates by comparing Margrabe option prices in the bivariate Black-Scholes model and the
bivariate variance-Erlang model. Section 7 is devoted to further discussion and conclusions.
Remaining technicalities are proved in Appendix 1 and 2. Statistical estimation of the multivariate
variance-gamma model and an application to stock market indices are presented in [8].

2. A SIMPLE MULTIVARIATE VARIANCE-GAMMA PROCESS

In its original representation, the univariate VG process is defined as a drifted Brownian motion
time changed by an independent gamma process. Viewed from the initial time O it is defined by
X;=0-G +7-Wg, t>0, (2.1)
where W, is a standard Wiener process and the independent subordinator (i.e. an increasing,

positive Lévy process) G, ~T'(v"'t,v™') is a gamma process with unit mean rate and variance
rate v. Since X, is a Lévy process, the dynamics of the VG process is determined by its

distribution at unit time. In fact, the random variable X =X, ~VG(0,7,v) follows a three
parameter distribution with cumulant generating function (cgf)

Cy (u) =InE[expuX)]=—v*-Inl—v&u—ivr®u?), 7,v>0,—0<f<w. (2.2)
One notes that the cgf is only defined over the open interval

—2((V0)? +2vr? —vO) ' <u < 2( (vO)? + 2vr? +vO) . (2.3)

The formula (2.2) is obtained from the cgf of the gamma random variable G:=G, ~T'(1/v,1/v)

by conditioning using that X|G ~N(0-G,7?-G) is normally distributed. Since the distribution
of VG(6,7,v) is infinitely divisible, the VG process has independent and stationary increments,
which also follow a VG distribution, namely

Xy — X, ~VG(&,z/t,v/t), 0<s<t. (2.4)

The symmetric case € =0 is used in the original model by [9] and [10]. The VG process has
been studied at many places (e.g. [11]-[14]). It is a special case of the bilateral gamma process
and other tempered stable processes considered in many recent papers (e.g. [15]-[19]).

Several multivariate versions of the VG process have been considered so far. Madan and Seneta
[9] first introduced a multivariate symmetric VG process by subordinating a multivariate
Brownian motion without drift by a common gamma process. The asymmetric version of this
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model has been developed in Cont and Tankov [6] and Luciano and Schoutens [7]. Generalizing
(2.1) these authors consider multivariate Lévy processes with VG components of the type

X® =6, -G+, W, k=12..n, (2.5)
where the W,")’s are correlated standard Wiener processes such that E[dW,"dW,"] = p,dt.

More complex multivariate VG models have also been considered (e.g. [20]-[24]). Despite all its
shortcomings, the use of the model (2.5) is justified theoretically by looking at the variance of its

VG margins X® = X® ~VG(4,,7,,v) at unit time, namely
Var[X®]=72 +v-67. (2.6)

Each variance decomposes into an idiosyncratic component z/ , that is attributed to the Brownian
motion, and an exogenous component v-4?2, that is due to the gamma distributed time change of
the Brownian motion. The parameters ¢, govern the exposures of the margins to the global
market uncertainty measured by the common parameter v . Similarly, one notes that the skewness
and kurtosis are also affected by the single marginal settings and the common parameter v . On
the other hand, the statistical moment method developed in [8] and its successful application to
real-world data justifies its use in practical work. To fix ideas, and for the sake of simplicity, the
first focus is therefore on the model (2.5). The joint cgf of this multivariate process can be
expressed in closed-form.

Proposition 2.1 (cgf of the multivariate VG process) The joint cgf of the multivariate VG process
X, =(X®, X@ .., XM)~VG (&, 2t,v/t)  with parameters@=(6;,6;,...6,), = =(p7i7;), is

determined by

Cy (W=—v7"t-Infl—v-(@"u+3u"Zu)}, u=(Uy,Uy,....u,). (2.7)
Proof Since the conditional margins are normally distributed as X |G, ~ N(6,G,,77G,), one
obtains the representation (2.7) from the following calculation

Cy, (u) =InE[exp’ X,)]=InE¢ [E[exp’ X,)|G,]1=InEg [exp(6"uG, +1uTZuG,)]. 0

Remarks 2.1 The random vector at unittime X =(X®, X® ... X ™) of the special case v =1
has a so-called multivariate asymmetric Laplace distribution, denoted X ~ AL(6,X), that has

been extensively studied in the monograph [26] (see also [27]). The parameter estimation of the
shifted version &+ X ~ AL(&,6,%),E=(4,...,.&,), has been discussed in [28] and [25]. The

method is extended in [8] to the statistical estimation of the shifted variance-gamma
model £ +VG(6,Z,v) .

3. THE BLACK-SCHOLES-VASICEK DEFLATOR

Recall the Black-Scholes-Vasicek (BSV) deflator introduced in [3]. Consider a multiple risk
economy with n>1 risky assets, whose real-world prices follow lognormal distributions. Given
the current prices of these risky assets at initial time 0 we assume that the future prices at time
t >0 are described by exponential Brownian motions of the type

& =sM exp(Mm -1t +vOWM), k=12,..,n, (3.1)

where the W, s are correlated standard Wiener processes such that E[dW,"dW, V] = pdt.

We assume that the correlation matrix X =(p;) is positive semi-definite with non-vanishing

determinant. The quantities m{® and v are interpreted as mean and standard deviation per
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time unit of the k -th asset logarithmic return r® over the interval [0,t], and o, is a constant
volatility parameter. The representation (3.1) includes two popular asset pricing models:

Black-Scholes model:

dr® = g dt+ o, dW® with m® =4, v =o,.

Vasicek (Ornstein-Uhlenbeck) model:

- b 1_e’akt _ a2t
dr® =a, (b, —r®)dt+ o dW® with m® =¥’ W =ay \/% '
k

The economic model contains also a risk-free asset, which is assumed (for simplicity) to
accumulate at a constant rate r per time unit. The BSV deflator of dimension n has the same
form as the price processes in (3.1), i.e.

D, =expla,t—B,'W,), t>0, (3.2)
for some time dependent parametric function «, and vectors B, =(B., Bio-Bin)’

W, =W, W2 . W, ™). To define a state-price deflator the stochastic processes (3.1) and (3.2)
must satisfy the martingale conditions

E[D,]=e™, E[D,SHF]1=S¥, t>0, k=12,..,n, (3.3)
where E[-] denotes conditional expectation with respect to the information at initial time 0.
Theorem 3.1 (BSV deflator of dimension n) Given is a financial market with a risk-free asset

with constant rate of return r and n=>1 risky assets that have log-normal real-world prices
(3.1). Assume a non-singular positive semi-definite correlation matrixx = (o;). Then, the BSV

deflator (3.2) is determined by
D, =exp(-a,t—4,'W,), t>0, with (3.4)

of =I‘+CWH (=p)= r+%ﬁtT2ﬂt1 P 22_1)4’ 4 z(ﬂ“t,li/lt,Z""ﬂ‘t,n)T’

k k 2 k)12 (3.5)
A v =m0 —r -1 (o -[v1?), k=12...,n.

The quantity A, is called market price of the k -th risky asset at time t.

Proof The martingale conditions (3.3) are equivalent with the system of linear equations
~a+r+1872p, =0 and B, = A, (see [3], proof of Proposition 2). ¢

4. A STATE-PRICE DEFLATOR FOR THE MULTIVARIATE EXPONENTIAL VG PROCESS

We begin with the construction of the univariate VG deflator. Consider the following asset
pricing model. Given the current price of a risky asset at time 0, its future price at time t>0 is
described by an exponential VG process

Si =Spexp(u—aw)t+X,), X,=65+Wg, 4.2

where u represents the mean logarithmic rate of return of the risky asset per time unit and

0=Cy()=—v"-Inl—v(@+17%))>0. (4.2)

To obtain (4.2) one uses the defining relationship E[S,]= S, exp(«t) and the expression (2.7) for

the univariate cgf. The VG deflator has the same form as the price process in (4.1). For some
parameters «,f (to be determined) one sets
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D, =exp(-at - pX,), t>0. 4.3)
Now, a simple cgf calculation shows that the state-price deflator martingale conditions

E[D,]=¢e™, E[D,S,]1=S,, t>0, 4.4)
are equivalent with the system of two non-linear equations in the three unknowns «, 8, @:

—a+r—v - Inl+vep-ive?p?) =0,

(4.5)
—a+p—o-v*-Inl-vo(l- B)-ive*(1-p)*) =0.
Inserting the first equation into the second one yields the necessary relationship
u—r—ow+v{Inl+voB-ive® %) —InQ—vo(L- B)—ive*(1- p)*)}=0. (4.6)

As the system (4.5) has one degree of freedom, the unknown @ can be chosen arbitrarily, say

o=pu—Tr, 4.7

which is interpreted as the (time-independent) VG market price of the risky asset. With the
restriction (4.2) on the VG parameters this value is always positive. Inserted into (4.6) and using
(4.2) shows that the parameter £ is determined by the two alternate expressions

Bt =0+1ir% =v(l-explvw)). (4.8)

In particular, comparing the first and third term in (4.8) shows that the parameter £ is a simple
exponential transform of the market price, which is equivalent to the logarithmic relationship

o=pu—r=—v".In(l—vB7?). 4.9

With the Mercator series for the logarithm, one sees that the VG market price of risk is given by

o=pu—-r=v*. i%(vﬂrz)j = pr? +iv(Br?)’ +..x Bt =0+17?, (4.10)
j=1

where the last equality in the first order approximation follows from (4.8). Summarizing and
rearranging the above one obtains the following VG deflator representation.

Theorem 4.1 (univariate VG deflator) Given is a risk-free asset with constant return r and a
risky asset with real-world price (4.1). Then, the VG deflator (4.3) is determined by

D, =exp(-at - B(B-3)c* -G, — Br-Wg ), G, ~T(v'tv™), t>0, with (4.11)

a=r+Cy(-f)=r-v*'-InQ-3vBl-B)?), Br*=0+ir’. (4.12)

Next, consider n>2 risky assets. Given the current prices of these risky assets at initial time 0
their future prices at time t>0 are described by exponential VG processes of the type

SM =M exp((uy — o )t+ XX ), k=12,...,n, (4.13)
where g, represents the mean logarithmic rate of return of the k -th risky asset per time unit,

the random vector process X, =(X®,.X@ ., X™) follows a simple multivariate VG process
with cgf (2.7), and similarly to (4.2) one has

o =—v-InA—v(6 +17f))>0. (4.14)

The VG deflator of dimension n has the same form as the price processes in (4.13). For some
parameter o and vector S=(pf,,f,,....5,) (bothto be determined) one sets
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D, =exp(-at— 8" X,), t>0. (4.15)

In this situation, the martingale conditions, which define the state-price deflator, are equivalent
with the non-linear system of n+1 equations in the 2n+1 unknowns «,f,, o, (use the
explicit form of the cgf (2.7)):

—a+r—v - In{l+v- (0" -1 BTER}=0,

T (4.16)
—a+p —o-vInf-v- (0" Y +1 Y 58M)}=0, k=12,...n,
with the vector notation % =(8®, ..., %), B® =5 — B;, j,k=12,...,n. As the system

(4.16) has n degrees of freedom, the unknowns @, can be chosen arbitrarily. A convenient
appropriate choice, which leads to a simple solution of the system (4.16), consists to set

P (4.17)

which is interpreted as the (time-independent) VG market price of the k -th risky asset. Now,
inserting the first equation of (4.16) into the second ones taking into account (4.17) yields

1+v- (0" B-1p72p)=1-v- (6" p¥ +%ﬂ(k)TZﬂ(k)), k=12,...n. (4.18)

A straightforward calculation shows that the components of the parameter vector g are
determined by the two alternate expressions (use (4.14) for the second one)

z'.
ﬂkz'kz =0, +%Tk2 + y/krkz =v‘l(1—exp(—va)k ))+}/krk2, Vi = _kakj T—J, k=12,..,n, (4.19)
1# Kk

which generalize the relation (4.8). In particular, comparing the first and third term in (4.19)
shows that the parameters S, are simple exponential transforms of the market prices of risk,
which are equivalent to the logarithmic relationships

o, =—v ' -InA—v(B, — 7)), k=12...n (4.20)

Similarly to (4.10) one obtains the series expansions and the first order approximations for the VG
market prices of the risky assets

wy vt gﬁ[‘/(ﬂk _yk)Tlf]j = (P _7/k)7k2 +%V[(ﬂk _7k)7k2]2 te (4.21)
= (B =77k = O, + 37,

where the last equality follows from (4.19). Summarizing and rearranging the above one obtains
the following multivariate VG deflator representation.

Theorem 4.2 (VG deflator of dimensionn) Given are n>2 risky assets with real-world prices
(4.13), where the random vector process X, =(X®,X® .., X™) follows a multivariate VG
process. Then, the VG deflator (4.15) is determined by

D, =explat— 3 A X%), t>0, with (4.22)
k=1
7.
a:r"‘CXt:l (_ﬂ), ﬁksz =0k +(%+7/k)2'k2, }/k = kak] T_J, k=l,2,...,n. (4.23)
J# Kk

Remarks 4.1 It is instructive to note that (3.2) and (4.15) correspond to an “Esscher transformed
measure” that has long been used in option pricing (e.g. [29]). Moreover, an important connection
with the standard no-arbitrage framework of Mathematical Finance must be mentioned (e.g. [30],
Section 2.5, and [31], Chap. 2). By the Fundamental Theorem of Asset Pricing, the assumption of
no-arbitrage (weak form of the efficient market hypothesis) is equivalent with the existence of an
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equivalent martingale measure for deflated price processes. In complete markets, the equivalent
martingale measure is unique, perfect replication of contingent claims holds, and straightforward
pricing applies. In incomplete markets, an economic model is required to decide upon which
equivalent martingale measure is appropriate. Now, let P denotes the real-world measure and
P" an equivalent martingale measure. Then, one can either work under P, where the price
processes are deflated with a state-price deflator. Alternatively, one can work under P” by
discounting the price processes with the bank account numeraire. Working with financial
instruments only, one often works under P*. But, if additionally insurance liabilities are
considered, one works under P (see [30], Remark 2.13). A non-trivial example is pricing of the
“guaranteed maximum inflation death benefit (GMIDB) option” (equation (5.4) in [4]). In the
present paper, we demonstrate the practicability of the state-price deflator approach for
exponential variance-gamma price processes of Margrabe type used in insurance and financial
markets. In insurance, the Margrabe option has been discussed by [32], [33], [34], Sections V.4 to
V.6, [30], Section 4. On the other hand, [8] offers an alternative approach to calibration based on
a novel multivariate statistical moment method that uses besides means and covariances also the
coskewness and cokurtosis tensors. A real-world comparison of the exponential variance-gamma
model with the ubiquitous Black-Scholes model for pricing the Margrabe option is also made.

5. MARGRABE FORMULA FOR THE REAL-WORLD PRICE PROCESS

Given is the shifted version &-t+ X,, £=(&,&,,...,&,), of the Lévy process induced by the unit
time shifted multivariate VG random vector &+ X ~VG(&,0,%,v). We assume that future
values of financial entities at time t >0 are described by exponential VG processes of the form

S& =expE t+ X&), k=1.2,..,n. (5.1)

This general framework enables simultaneous modelling of real-world insurance liabilities and/or
asset prices from financial markets. For market consistent valuation one needs to deflate them
with so-called state price deflators, as explained in the Remarks 4.1, which will be done in the
next Sections. In both settings we derive integral and closed-form formulas for the two-
dimensional Margrabe exchange option, here of the real-world type

M =ElS? -5).], t>0. (5.2)

Therefore, the bivariate case n=2 in (5.1) is of interest and for this we set p=p,,. For

simplicity and without loss of generality, it suffices to discuss the unit time case t =1. By abuse
of notation, the time index is removed from any stochastic process in the following. Conditioning
on the common gamma subordinator, one can write

R_ENS® —5@Y T= MR (W) f (w)d
MP=E[(S -87).]1= M W f (w)dw, (5.3)

M (W) =E[S® -Ss®),|G=w], f(wW)=y (W) e™IT(y), y=v"

As usual @(x) denotes the standard normal distribution, ®(x)=1-®(x) is the survival
function, and ¢(x) = ®'(x) is the density. The bivariate standard normal density is denoted by

. _ 1 1 2 2
P2 (%Y P) = T = expt- P (< — 2y +y2)).
By definition (2.5) one obtains

M R (W) — J- I(e§1+91w+rl\/Wx _ e§2+92w+rzmy)+§o2 (X, y,p)dXdy (54)

—00 —00
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The expression in the bracket of (5.4) is non-negative provided x=x(y)

with x(y) = 274, ©, =6) Jw+-2y. Now, it is possible to separate the double integral as

rlﬁ 21 0
M (w) = 37 (v, w)e(y)dy , because ¢,(x,¥: p) = p()p((x— )/ VL p*) 1= p? . With this

the inner integral reads

IRy, w) = (U1— p?)- el dwadon _géstmniry o (x - o) 11— p?)dx. (5.5)

x(y)

A straightforward application of Lemma Al.1 in the Appendix 1 yields

&+0W+prywy+L(1-p?)rfw x(y) |, | 2 & 10Ty W —x(y)
JR W) =e™ ! 2 VoY) 41— VW) — gea e VWY @ (XYY

Taking into account the above definition of the auxiliary functionx(y), one rewrites the
arguments inside the normal distribution functions as

22D 1= pPrdw=atcy, 22 =b+cy, with
—p

w/l—pz
a= (=0, +(1-p?) el Wi& -6, h=G-0wa& o Pt
7 wy1-p? ’ 7 Wq1-p? ' 7141-p?
Furthermore, one notes that
Jw Lp?ctw W
e W(y) = e Mp(y — prw), e o(y) = e ply —r, W)
Now, using twice the Lemma ALl.2 of the Appendix 1 one obtains
M R (w) = eéﬁ(@ﬁ%rﬁ)w@(amprlf )— §2+(92+§r§>w®(b+crzf ).

Viec?

An algebraic calculation based on the expressions for the coefficients a,b,c yields further
M R(W) fﬁ(‘gﬁ 7 )ch(91 62‘*'0’1 \/_ 51 ) e§2+(5’2+ 72)W®(91 92—072 \/_ S 52)

wf =1} —pur,, k=12, o=, 0?+o?.

We are ready for the following result.
Theorem 5.1 (Margrabe formula for the real-world exponential shifted bivariate VG process)
Given is the bivariate process at unit time S% =exp@ +X®) k=12, with

E+ X ~VG(E,0,Z,v). With p=p,, y=v?, &f =t} — p1y7,, k=12, 0=+ o} + »> , one has

(5.6)

R=E[SY -5?), ]=e%-¥(a,,b,,c,y)—e? - ¥(a,,b,,c,7),

W(a,b,c,7) =1IT(y)- [27 e "e®D(bvz + c//2)dz, 5.7)
0

0, -0, + () "o Jra-&)
(4]

o\ly ’

Proof It remains to insert (5.6) into (5.3) and make the change of variables z=y-w. ¢

k=12, c=

ay :7/_1(0k +%T|3), b, =

Remark 5.1 One observes that the W -function in (5.7) is related to the one stated in [26], p.296
(European risk-neutral call-option price for an exponential VG price process).

A particular instance, for which the formula (5.7) simplifies considerably, is the special
casec =0, that is& = &,, which is analyzed into more details. In this situation, the ¥ -function
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simplifies to the calculation of the expression (make the change of variables z=x?/2(1-a)
under the assumptiona <1)

(a0,y) = 2 2L 'L{ ; ] 58)

C(y) J2@1-a)

with the integral function of normal type

L, (2) = V27 - [X¥ p(x)(z - X)dx. (5.9)
0
The assumption a<l in (5.8) means that (5.7) will be finite for c=0

provideda, = *(6, +177) <1 k=12, a condition, which is equivalent with the existence of
the cgf Cqs(a,) =—y-Inl—a,) of a standard gamma random variable with shape parameter y
and scale parameter 1. In case the gamma distributed subordinator G, ~T'(y-t,») reduces to an
Erlang distributed subordinator G, ~ Erlang(m-t,m) with integer parameterm=212,..., the

integral function (5.9) can be evaluated according to the following closed-form formula (proof in
Appendix 2):

Lm(d)=2m‘2(m—1)!(l+ mz_lM)} m=12,.... (5.10)

1+
Vied? ( k12K k1L +d?)k
6. MARGRABE FORMULA FOR THE DEFLATED PRICE PROCESS

Consider the Margrabe exchange option for the deflated price process in (5.1) such that
MP =E[D,(S® -S?).], t>0. (6.1)

The state-price deflator is of the form (4.22) with n=2. As in Section 5, we set p = p,, and
discuss the unit time case t=1. Conditioning on the common gamma subordinator, one writes

MP = E[D(S® —5@),]= M P (w) f (w)dw,
0 (6.2)
MP (W) =E[D(SY -S?),|G=w], fW)=y-(w)e™IT(), y=v"

Similarly to (5.5) it is possible to separate the double integral as M ° (w) = TJ P (y, W)e(y)dy

with the inner integral

1°(y, W) =1/y1- p? |

x(y)

e S—a+(l-p)(Ow+ry mx)*ﬂz (Bw+7, \/WY)
—e &—a-p(Ow+r \/WX)‘*'(l—ﬂz NEw+7, \/Wy)

}co((X—py)/\/l—pz)dx,
6.3)

-6 (0,-6) 3

= + - erq y.

A straightforward application of Lemma Al.1 in the Appendix 1 yields

_ _ - _ 11 ~2\1_ 2.2
30 (y,w) = e a+(1-4) W=, (0wt WY)+(1-4) prywy+5 (L-p? N1-4) e py:g) + /1_pz - B)r Jw)

_eéz*a*ﬂﬂ%w*(l*ﬂz)(92W+Tz\/Wy)*ﬂlpfﬂ/w)“r%(lﬂoz)ﬂlzflzwq)(pyl—X(z/) _ ll_pZ lz_l\/W).
Vi-p

x(y) =

Taking into account the definition of the auxiliary functionx(y), one rewrites the arguments
inside the normal distribution functions as
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220 4 1 p2 (- f)ovw=a+cy, 2291 p?BrJw=b+cy, with
\/lfpz \/lfpz

— G P BTG5 (B0 -p)) A w5

71 WAf1-p? ’ 7 WAf1-p? ' - 714 1-p? '

Furthermore, one notes that

a

e{(1*ﬁ1)ﬂ1*ﬂ272}\/wy(p(y) — ei{(1*ﬂ1)ﬂf1*ﬁzfz} Ww(y _ {(l— ﬁ1)PT1 _ ,3272 }M),
el o) = POy 1 e, puom ),

Now, using twice the Lemma Al.2 of the Appendix 1 one obtains

M D (W) _ egl_ow{(l—ﬂl)rfr%(l—ﬂl)z 112 N ACH +(1_ﬂ1)/9712'2)+%ﬂ22722 }W(D( a+c{(1—ﬁ1)prl—ﬂ272 }\/W)

1+c?

22 2.2 (64)
% (1) e 21, = O+ ) ez )+ R B (A AT
1+c? ’
Repeated use of the following relationships for g, 5, in(3.23) is made:
Beti =0 +iti +prr,, k=12 (6.5)
An algebraic calculation based on the expressions for the coefficients a,b,c yields
a+c{(1-4) pr-pors WwW _ b \/W-i- a2 p o= la)+(ﬁ - B purs
Lo 1 odw | 172 1 2) 7y
b —P2)Tr—P1PT Jw 1762 Ot
+c{(l/3)l+czﬁp }WZbZ‘/WJ“ifW' b, =—Lw+ (B, - f,) 222, (6.6)

2 _ 2 _ _ [ 2 2
o =7, —pnr,, k=12, o= o +o,.

Furthermore, the coefficients of w in the curly brackets of (6.4) are respectively equal to

a =(1-p5,)pnr, _eTﬂ"‘%ﬁTzﬂ’ a, =(B -Dpnr, _QTIB‘F%ﬁTZﬂ- (6.7)
We are ready for the following result.

Theorem 6.1 (Margrabe formula for the deflated exponential shifted bivariate VG process)
Given is the bivariate process at unit time S® —exp(g, + X®), k=12, with
E+ X ~VG(&,0,%,v), the bivariate deflator D =exp(a— XY - 5,X@) of Theorem 4.2,

andset p=p,, y=v", & =17 — prr,, K=12, = ®? + > . Then one has
M P = E[D(S(l) _S(Z))+] = eé_a '\P(aliblaciy)_eéz_a 'lP(a'ZinvCa}/)s

W(a,b,c,7) =1/T(y)- |2 e e D(bz + ¢ /2)dz,
0

6.8
al=7_1((1_ﬂ2)P7172_eTIB‘F%IBTZﬂ): a2=)/_1((,Bl—1)p2'11'2—0Tﬂ+%ﬂTZﬂ), (68)

b, =y (D o+ (8- ) 20 - drte-a)

Proof It remains to insert (6.4) into (6.2), make the necessary identifications based on (6.6) and
(6.7), and perform the change of variables z=y-w. ¢

), k=12, c

In the special case ¢=0, thatis & =¢&,, and if a, <1, k=12, the expression (6.8) can be

evaluated using the formula (5.8) for the W -function. Specializing further to a shifted simple
bivariate variance-Erlang price process with integer parameter y =m=12,..., one obtains via

(5.10) closed-form Margrabe formulas.

Example 6.1 Bivariate Black-Scholes versus bivariate variance-Erlang models
International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page | 10
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It is interesting to compare the classical closed-form formula by Margrabe [35] with closed-form
variants obtained from (6.8). In the bivariate Black-Scholes model the future prices at unit time
t =1 are described by the equations (3.1), that is

${ =s{exp(y —Lof +0yZy), k=12, (6.9)

where the Z, ’s are correlated standard normal with correlation coefficient p® . The means and
variance-covariance characteristics of (6.9) are given by

£ = E[5{"]=5{ exp(u).

=0 6.10
VijBS =Cov[S{",s{"]=E® EJBS {eXp(Pist oioj) =1 1,j=12 o

For illustration set S =1, x4, =0, k =1,2. Applying the Black-Scholes deflator from Theorem

3.1 one obtains Margrabe’s classical exchange option price at initial time t=0 (e.g. [3],
Theorem 2)

M® =E[D,(S® -5?).]1=2-®(0) -1 o=yo?+0%-2p% 0,0, . (6.11)

In the bivariate variance-Erlang model (with closed-form exchange option price) the future prices
atunittime t=21 are described by equations of the form (5.1) such that

SI —expE+X,), X, =OW+7,WZ,, k=12, (6.12)
with W ~ Erlang(m), and the Z, ’s are correlated standard normal with correlation coefficient
p'F . The corresponding means and variance-covariance characteristics are

EiVE = E[SJFI)] = eXp{Zj— m- In(l_ai)}v a; = Hi +%Ti2!

Vi® =Cov[S{", SV ]=exp2é—m-In(l—c; —a; - 2p;°ri7 }-EFEP i, j=12.

(6.13)

It is natural to compare both models under equal first and second order moments. In case
Sé") =1 u, =0,k =12, the equations of equal mean and variance-covariance, which consists to
equate (6.10) and (6.13), result into the following parameter constraints

S=m-InQ-a,), a,=a,=6,+37], 0,-6,=3(z -73),

O-kzzm.m( 1-a;)? j pBSGlazzm-ln( 1-a,)? ] (6.14)

1-2a, — 1} 1-2a, — p* 11,

Calculation of the deflated exchange option price (6.8) requires the parameters of the VG deflator
in (4.23), which are herewith determined by

a=r+Cy x ,(-B), Brc=6+3ti+p 17, k=12. (6.15)
For the bivariate symmetric Laplace special case m =1 with the simple parameter choice

p* =0 6,=60,=0, r,=r1,=r,0neobtains (6.16)
a=r+Cy x,(-p)=r-Inl—%7%), B =pB,=%. (6.17)
The remaining parameters in (6.8) take the values

a,=a =172, b =27 b,=-L27 (6.18)

A straightforward calculation of (6.8) using (5.8) and (5.10) for m=1 vyields the symmetric
Laplace Margrabe option price

M St =E[D,(S® -S@) 1= (1-%#)-%. (6.19)
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Numerically, if r=0,7=0.1, then ©=0.14249, and M® =5.67991% compares with
M St = 4.975%. The follow-up [8] provides some comparisons based on stock market indices.

7. RESULTS, FURTHER DIscussION AND CONCLUSIONS

First, it is useful to summarize what has been accomplished. The starting point is the wish to
enrich multidimensional option pricing with some multivariate non-Gaussian models able to
capture skewness, kurtosis and other stylized facts from observed insurance liability and financial
market data. It turns out that not much is known in this respect, especially when it comes to
market consistent valuation for use in the Basel 111 and Solvency Il projects. To achieve this, one
can either work with an equivalent martingale measure for deflated price processes or use a state-
price deflator to discount insurance liabilities and asset prices under the real-world probability
measure. The second possible path has been followed. Since a multivariate exponential variance-
gamma process is one of the popular alternative choices to the multivariate exponential Gaussian
process, the construction of an explicit state-price deflator for it is a main first goal, which has
been achieved in Theorem 4.1. An application to bivariate option pricing has been undertaken.
Theorem 6.1, which displays a Margrabe formula for the deflated exponential shifted bivariate
variance-gamma process, iS a main new contribution. Moreover, analytical closed-form
expressions for the bivariate exponential variance-Erlang special case are also obtained.

Second, it is important to remark that our simple model is easy to work with but has some serious
drawbacks. For example, linear correlation cannot be fitted once the margins are fixed. Moreover,
the choice of a single parameter v causes great difficulty in the joint calibration to option prices
on the margins, as observed in [21]. To overcome these difficulties there are at least two
possibilities at disposal. One can either apply an alternative estimation method, which does not
share some of the inconveniences (main purpose of the follow-up [8]), or consider more complex
multivariate variance-gamma models. Results on the latter proposal will be presented elsewhere.

APPENDIX 1: Integral identities of normal type

The crucial identities used in the derivation of Theorem 5.1 are stated and proved separately.

Lemma Al.1 For any real numbers b,c,uz and o >0 one has the identity

o

ot e p((x — )l o)dx =™ o2 1 bo). (AL1)
C
Proof Consider first the case =0, =1. From the relation e™p(x) = e%b2 @(X—Db) one gets

Te™. p00dx=e?" - [p(t)t=e?" -d(b—c).
b

Using this one obtains by a change of variables

G—l ‘Tebx ¢((X—,Ll)/6)dx= Teberbot ‘q)(t)dt:eb/H%b?gz (D(#_—C_'_ba) 0

(c-)lo 7
Lemma AL.2 For any real numbers a,b,uz and o >0 one has the identity

o -:fcp(a o) ((X — 12) ] )X = cp( J%j (AL.2)

Proof Consider the functions F(z) = T(D(z +X)p(x)dx, G,(z) = T(D(a+ ZX)(x)dx. One notes

that F(0) = T(D(x)go(x)dx=% and F'(2) = Tgo(z + x)(p(x)dx=%¢(ﬁ), from which one gets

F(a) = F(O)+?F‘(z)dz = CD(%). On the other hand, one has G,(1)=F(a)= q)(%) and
0
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) 0 b
G,(2)=z2 -Lgo(a + 2X)p(Xx)dx = ng(ﬁ) , hence G,(b) =G, (1) + {G'(z)dz = CD(\/;?) Ct

V1+b2%c?
APPENDIX 2: Closed-form evaluation of an integral function of normal type

follows that o ch(a+bx)<o«x—#)/a)dx=Ga+by(ba)=<D( o ) 0

Incase y =m=12,..., is an integer parameter, the evaluation of the integral (5.9) is done through
partial integration by finding first a primitive integral for x*"'p(x) of the form

[x*™ L p(x)dx = —P,, (X) - @(X) , (A2.1)
where P, (x) is a polynomial of degree 2(m-1) with integer coefficients. The following
recursive relationship determines this polynomial completely.

Lemma A2.1 The polynomial P, (x) defined by (A2.1) satisfies the following recursion
P.(X)=x*"Y 1 2(m-1)P, ,(x), m=23,.., P(x)=1. (A2.2)

Proof First of all, since ¢'(x) =—x@(x) itis immediate that —¢(X) is a primitive integral of
xp(X), hence P (x)=1. For m>2 the recursion is shown by induction. For m=2 one
proceeds as follows. Let H,(x) be the (probabilistic) Hermite polynomial of order Kk,

k =0,1,2,..., which satisfies the property ¢ (x) = (<1)* H, (x)¢(x) . In particular, one has
9P (X) == =3x)p(x) , hence  x*p(x) = 3xp(x) -9 (x) = -3¢'(x) - (x) .

This leads to the primitive integral

[ X*p(X)dx = —=3p(X) — " (X) = =3+ H, (X))p(X) = —(x* + 2)p(X) , hence

P,(X) =x* +2=x%+2P,(x),

which shows (A2.2) for m=2. The induction step from m to m+21 is shown by performing
two successive partial integrations as follows:

[x2™rop(x)dx = [[X2™p(x)] - x2dx = x* - [ x*" Lp(x)dx — 2] X - [[ x*™ L p(x)dx]dX

= X% (= XXM p(x) + 2(m - )] X2 P p(x)dx) - 2] [-X2" (%) + 2(m —1)x - | X2 P p(x)dx]dx
=—x?"p(x) + 2(m —1)x? - [ x*"3p(x)dx

+2-[x*™"Tp(x)dx - 2(m —1)x* - [ x*"2p(x)dx + 2(m —1) - [ x*"Fp(x)dx

" o(x)dx,

which shows the recursion for the index m+1, namely P, (x) = x*™ +2mP,(x). ¢

=—Xx*"p(x) +2m- [ x

A successive application of the recursion (A2.2) yields the following explicit formula.

Lemma A2.2 The polynomial P, (x) satisfies the explicit representation

m- 2\
P, (X) = 2m‘1(m - 211 x , m=123,.... (A2.3)
k=ok!l 2

Proof From Lemma A2.1 one knows that P, (x) is a polynomial in even powers of x, say

-1
P.(X)= mZam’kx2k . With (A2.2) one obtains the recursive relationship
k=0

ang =2(m-D-a,,,, k=0L..m-2, a, ;=1 m=234..,
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which implies that a

mk —

=2"(m —1)!ki, k=01..m-1 m=123,... 0
2°k!
Now, let us derive the formula (5.10). A partial integration of (5.9) using (A2.1) yields

L. (d) = V27 - [ x2™ L p(x)D(dX)dx = /27 (— P, (X)- o(x)- (X[ +d - [P, (X)go(x)go(dx)dxj
0 0

_ 1.4.7 HadZady= L. d = N
=P (0) 2+d gpm(x)(p( 1+d“x)dx > [Pm(O)—i-W ng(t/ 1+d )2(/)(t)dt}

Using (A2.3) it follows that

d m-1 1 G
L (d)=2"?(m-D1+——(@1+>—— " [t*2pM)dt) |, m=12,....
m(d) ( )[ 1+OI2( I<Z::12kk!(l+d2)k£ o(t) )J

Next, one observes that the function 2¢(x),0<x <0, is the probability density of the half-
normal distribution with moment generating function (e.g. [36], equation (9))

m(t) = 2expGt?)d(t) .
Through induction one shows the recursive relation

m® ) =k -2)-m*2 @) +t-m D), k=23...,
which shows that the moments m, of the half-normal distribution satisfy the recursion
m, =(k-)m,_,, k=23,....Since m, =1 one sees that

112 2p(t)dt = m,, = (2k-Dl= 3 (2j 1), k=123,..,
0 i

The formula (5.10) is shown. ¢
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