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1. INTRODUCTION 

A 2D continuous digital image a[x, y] is composed of m rows and n columns where x = {1, 2, …, m} 

and y = {1, 2, …, n}. RGB and CMYK are two main color spaces that indicate each pixel of a digital 
image. RGB pixel is mixed by the red, green, and blue colors. In contrast, CMYK pixel is mixed by 

the cyan, magenta, yellow, and black colors. Image processing studies any procedure that takes an 

image as input and returns an image as output. It has various applications in mathematics, biology, 
biometrics, etc. Some of the mathematical techniques can use a pixel-by-pixel image processing to 

gather graphical information of the digital images [1-5]. 

Mathematical reasoning is a powerful tool to evaluate various patterns for selecting some appropriate 
problem-solving strategies. It can analyze some of the mathematical situations to construct logical 

arguments. Mathematical reasoning is conducted via four aspects: patterns with explanation, 

definitions & accurate, covering all cases, and correcting the sequence of results. This type of 

reasoning uses different thinking skills to carry out the efficient strategies. Thinking skills can be used 
in thinking processes such as comparing, identifying patterns & relationships, and induction. Pattern 

with explanation reasoning uses several patterns to conclude a formula for the prediction and 

validation processes [6, 7]. 

The perimeter of ellipse is not defined accurately. Therefore, researchers have attempted to find a 

proper solution for this issue already. In this paper, a new approach is proposed to define the 

perimeter of an ellipse. It uses value of a pixel based on a pixel-by-pixel image processing through a 

pattern-based mathematical reasoning. This approach is simulated under various simulation scenarios 
to define a general formula for the perimeter of an ellipse. 

The remainder of the paper is organized as follows. Section 2 represents a problem definition for the 

perimeter of ellipse. Section 3 describes the proposed approach based on image processing and 
mathematical reasoning. Section 4 illustrates simulation results under various simulation scenarios. 

Finally, the paper is concluded by Section 5. 

2. PROBLEM DEFINITION 

Fig. 1 shows an overall schematic of the ellipse. In this schema, a is the largest diameter and b is the 

smallest diameter. Since a and b are measured from the center, they are called the radius measures too. 
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As mentioned before, the perimeter of ellipse is not determined accurately. Furthermore, the existing 

perimeter equations are too complex. Accordingly, various perimeter equations have been presented 
by researchers already [8-12]. The proposed approach attempts to find a predictive perimeter of an 

ellipse based on image processing via a pattern-based mathematical reasoning. The following 

equation is defined for the suggested perimeter of an ellipse in a way that main objective of the 
approach is to determine a proper value to x: 

P = xπ (a + b)                                                                         (1) 

 

Fig1. Specifications of an ellipse shape. 

3. THE PROPOSED APPROACH 

This section describes main features of the proposed approach to measure the perimeter of an ellipse. 

This approach uses image processing and mathematical reasoning to conduct the measurement 
process. The reasoning process uses patterns with explanation in the perimeter equation based on 

various patterns. The main underlying idea of this work is that multiplying the number of pixels by 

value of a pixel can yield the perimeter of any shape. According to this idea, the perimeter of a shape 
can be given by 

P = Np × VP                                                                         (2) 

Where Np indicates number of pixels and Vp indicates value of a pixel. The proposed approach 

consists of two stages. In the first stage, value of a pixel is determined by a pixel-by-pixel image 
processing according to the perimeter of several circles having different radii. In the second stage, the 

perimeter equation is defined based on the graphical pixels of several ellipses having different 

diameters and value of a pixel through a mathematical reasoning process. Fig. 2 shows graphical 
representation of the above stages. 

 

Fig2. An overall view of the proposed approach 

In the first stage, several patterns of the circles having different radii are used to calculate value of a 

pixel. This procedure is conducted based on the pixel-by-pixel image processing. Value of a pixel is, 

in fact, average value of the pixels forming various patterns. Since the perimeter of circle is 
determined accurately, various patterns of the circle are applied in this approach. Table 1 calculates 

value of a pixel in the first stage based on area, number of pixels, and average value of a pixel for 

each circle pattern. Area of a circle is given by 

𝐴𝑛 = 2𝜋𝑟𝑛                                                                          (3) 

Where n is number of patterns, rn is the radius of circle in the pattern n, and π is the ratio of a circle’s 
circumference to its diameter which is usually approximated as 3.14159. Number of pixels is counted 

via the pixel-by-pixel image processing according to pixels forming the circle patterns. Average value 

of a pixel is determined for each pattern as follow 

𝑉𝑛 = 2𝜋𝑟𝑛 /𝑝𝑛                                                                          (4) 
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Where n indicates number of patterns, rn indicates the radius of circle in the pattern n, and pn indicates 

number of pixels in the pattern n. Finally, value of a pixel is calculated based on the average values of 
all patterns as 

V = (V1 + V2 + … + Vn) / n                                                           (5) 

Where n is number of patterns and Vn is average value of a pixel in the pattern n. 

Table1. Elements of the first stage specified for the proposed approach 

r Area Number of pixels Average value of a pixel 

r1 2πr1 p1 2πr1 / p1 

r2 2πr2 p2 2πr2 / p2 

… … … … 

rn 2πrn Pn 2πrn / pn 

Algorithm 1 represents how to calculate value of a pixel based on the perimeter of various circle 

patterns. Lines 1 to 4 define initial values of the variables. Lines 5 to 11 calculate average value of a 

pixel for each pattern. It is worth to noting that number of pixels forming the various circles is 
determined based on the pixel-by-pixel image processing. Line 12 calculates the ultimate value of a 

pixel according to average values of all patterns. Finally, this value is returned to main program by 

Line 13. Simulation results show that value of a pixel equals 1.12757 where number of patterns is 

200. 

Algorithm 1. To calculate value of a pixel in the first stage 

1 n ← Number of patterns 

2 PI ← 3.14159 

3 Sum ← 0 

4 i ← 1 

5 While (i <= n){ 

6     ri ← i 

7     pi ← Number of pixels forming the circle in the pattern i 

8     Vi ← 2 × PI × ri / pi 

9     Sum ← Sum + Vi 

10     i ← i + 1 

11 } 

12 V ← Sum / n 

13 Return V 

In the second stage, the perimeter of an ellipse is calculated based on various instances of the ellipse 

through mathematical reasoning. This stage determines the value of factor x in the perimeter equation 

by using value of a pixel and the pixel-by-pixel image processing. Table 2 represents elements of the 
second stage including a, b, total value of pixels, and average value of factor x to calculate the 

ultimate value of factor x defined in Eq. (1). Note that a indicates the largest diameter and b indicates 

the smallest diameter of the ellipse. The values of a and b are determined in a way that the drawn 
ellipses would not be similar to circle. Total value of pixels is specified for each instance as following 

ta, b = pa, b × V                                                                         (6) 

Where a indicates the largest diameter of ellipse, b indicates the smallest diameter of ellipse, pa, b 

indicates number of pixels in the instance (a, b), and V indicates the value of a pixel calculated by Eq. 
(5). Furthermore, number of pixels is counted by using the pixel-by-pixel image processing similar to 

the first stage. Average value of factor x is determined for each instance by 

𝑋𝑎,𝑏 = 𝑡𝑎 ,𝑏/𝜋 𝑎 + 𝑏 ;𝑤ℎ𝑒𝑟𝑒 𝑎 =  3,4, … , 𝑚  𝑎𝑛𝑑 𝑏 =  2,3, … ,3𝑚/4                   (7) 

where ta, b is total value of pixels in the instance (a, b), a is the largest diameter of ellipse, b is the 

smallest diameter of ellipse, and m is a desired number to generate various instances. Finally, the 

value of factor x is calculated based on average values of all instances as follow 

𝑥 =  𝑋3,2 + 𝑋4,2 + 𝑋4,3 + ⋯ + 𝑋𝑚,3𝑚/4 / (3𝑚2 − 7𝑚 + 4)/8                                (8) 

Where m represents a desired number to generate various instances of the ellipse, Xm,3m/4 represents 

average value of factor x for each instance, and  (3𝑚2 − 7𝑚 + 4)/8  represents the maximum 
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number of instances. It is worth to noting that the maximum number of instances is resulted based on 

the series n(n+1)/2 as follow 

𝑛 𝑛 + 1 /2 =  (3𝑚/4 − 1)(𝑚 − 1)/2 =  (3𝑚2/4 − 7𝑚/4 + 1)/2 =  (3𝑚2 − 7𝑚 + 4)/8  

Table2. Elements of the second stage determined for the proposed approach 

a b Total value of pixels Average value of factor x 

3 2 t3,2 t3,2 / π (3 + 2) 

4 2 t4,2 t4,2 / π (4 + 2) 

3 t4,3 t4,3 / π (4 + 3) 

… … … … 

m 2 tm,2 tm,2 / π (m + 2) 

3 tm,3 tm,3 / π (m + 3) 

… … … 

3m/4 tm,3m/4 tm, 3m/4 / π (m + 3m/4) 

Algorithm 2 describes how to calculate value of factor x based on various instances of the ellipse and 

the value of a pixel. Lines 1 to 6 define initial values of the variables which are used in the algorithm. 

NI indicates number of instances throughout the procedure. Lines 7 to 18 determines average value of 

factor x for each instance and sum of all average values. Finally, the value of factor x is calculated in 

line 19 and, then, is returned to main program in line 20. 

Algorithm 2. To calculate value of factor x in the second stage 

1 m ← A desired number 

2 PI ← 3.14159 

3 V ← Value of a pixel 

4 NI ← 0 

5 Sum ← 0 

6 a ← 3 

7 While (a <= m){ 

8     b ← 2 

9     While (b <= (3 × a / 4)){ 

10         Pa, b ← Number of pixels forming the ellipse in the instance (a, b) 

11         ta, b ← Pa, b × V 

12         Xa, b ← ta, b / (PI × (a + b)) 

13         Sum ← Sum + Xa, b 

14         NI ← NI + 1 

15         b ← b + 1 

16     } 

17     a ← a + 1 

18 } 

19 x ← Sum / NI 

20 Return x 

Simulation results show that the value of factor x equals 1.14167 based on the assumed simulation 

scenarios. This value is resulted in the condition that m is 200 and number of instances is 14801. 

Therefore, the suggested perimeter of an ellipse is given by 

P = 1.14167π (a + b)                                                                        (9) 

Where a indicates the largest diameter and b indicates the smallest diameter of the ellipse. 

4. SIMULATION RESULTS 

Simulation process is carried out in Dev-C++ 4.9.9.2 environment [13] with C++ programming 

language [14] by using the Graphics library [15]. Fig. 3 illustrates a simulation view of the first stage 

to determine the value of a pixel where number of patterns is 200. The first column indicates the 

radius of circle, the second column indicates the area, the third column indicates number of pixels, 

and the last one indicates average value of a pixel for each pattern. As represented in these results, 

value of a pixel equals 1.12757 according to the considered simulation model. Table 3 represents 

some of the simulation results which are generated by the simulation process. 
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Fig3. A view of the simulation results to determine the value of a pixel. 

Table3. Some of the simulation results to calculate the value of a pixel 

r Area Number of pixels Average value of a pixel 

1 6.28319 4 1.5708 

12 75.3982 64 1.7181 

35 219.911 197 1.1163 

50 314.159 281 1.118 

71 446.106 401 1.11248 

80 502.655 450 1.11701 

96 603.186 542 1.11289 

115 722.566 650 1.11164 

134 841.947 759 1.10928 

145 911.062 816 1.1165 

155 973.894 876 1.11175 

178 1118.41 1008 1.10953 

185 1162.39 1043 1.11447 

195 1225.22 1099 1.11485 

200 1256.64 1125 1.11701 

Fig. 4 depicts the value of factor x via an instance of the simulation process in the condition that m is 

200 and number of instances is 14801. The first column indicates the largest diameter of the ellipse 

(a), the second column indicates the smallest diameter of the ellipse (b), the third column indicates 

total value of the pixels forming various ellipses, and the forth one indicates average value of factor x 

for each instance. Simulation results show that the value of factor x equals 1.14167. Besides, Table 4 

represents some of the simulation results related to the second stage for different ellipses.  

 

Fig4. An instance of the simulation process to determine the value of factor x 
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Table4. Some of the simulation results to calculate the value of factor x 

a b Total value of pixels Average value of factor x 

3 2 13.5309 0.861402 

40 20 200.708 1.06479 

52 2 232.28 1.3692 

61 17 284.148 1.15958 

65 25 312.338 1.10467 

70 13 321.358 1.23243 

99 21 455.539 1.20836 

112 2 504.025 1.40733 

119 89 669.778 1.02499 

145 60 704.733 1.09426 

150 31 690.075 1.21358 

160 38 739.688 1.18914 

168 80 838.914 1.07675 

173 129 970.84 1.02327 

180 88 902.058 1.0714 

185 138 1040.75 1.02564 

190 48 880.634 1.17779 

192 87 947.161 1.08061 

196 120 1033.98 1.04154 

200 150 1125.32 1.02343 

5. CONCLUSIONS 

This paper proposed a new approach to measure the perimeter of an ellipse through image processing 

and mathematical reasoning. Since the perimeter of circle is defined accurately, this approach 

determines the value of a pixel based on various patterns of the circle through a pixel-by-pixel image 

processing. Simulation results illustrate that the value of a pixel equals 1.12757 where number of 
patterns is 200. Afterwards, value of the factor x defined for the perimeter equation is calculated based 

on various instances of the ellipse via the pixel-by-pixel image processing and mathematical 

reasoning. Simulation results show that the value of factor x equals 1.14167 where number of 
instances is 14801. Consequently, the suggested perimeter of an ellipse is defined as 1.14167π (a + b) 

according to the simulation scenarios where a is the largest diameter of the ellipse, b is the smallest 

diameter of the ellipse, and π is the ratio of a circle’s circumference to its diameter. 

It is worth to noting that this work does not claim that the suggested perimeter equation is very 

accurate compared to the existing ellipse equations. In fact, it defines a new perimeter equation by 

using image processing and mathematical reasoning based on the considered simulation scenarios. 
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