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Abstract: In this paper, first we consider the problem of finding the minimum number of floodlights that can
illuminate the interior of an orthogonal polygon when the range of illumination is restricted to 60°. Then we study
this problem for the pseudo-triangles. In general, we want to guard an environment with cameras in order to
ensure that every point in the environment is seen from at least one camera. We intend to minimize the total
number of cameras required and also the cameras can see a limited range. This problem is answered before for
some range of visions but there was only a conjecture for 60°-cameras [6]. We prove the correctness of this
conjecture for the orthogonal polygons and the pseudo-triangles.
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1. INTRODUCTION

Consider the problem of guarding an environment with cameras in order to ensure that every point in
the environment is seen from at least one camera [3]. We intend to minimize the total number of
cameras required. This is known as the art gallery problem.

In other words, we want to illuminate a polygonal environment by minimum number of floodlights.
Consider the problem of illuminating the interior of P with floodlights which can illuminate a certain
portion of plane called a-floodlight. We intend to minimize the total number of «-floodlights
required

Definition 1. An a-floodlight, a € (0°,360°], is a pair (p,C,) of a point p and a cone C, of
aperture «a atapex p. We say thata point q € P is illuminated by p if pg € P n C,.

In classical art gallery problem, a floodlight can illuminate whole around itself, i.e., o = 360". This
problem posed by V.Klee in 1978[2]. Then V.Chvatal [1] established that EJ guards are always
sufficient and sometimes necessary for guarding an n-sided simple polygon.

The aim is to place the least number of floodlights inside a polygon to illuminate interior of the
polygon. Variety of angles of illumination causes different cases of this problem. Up to now, this
problem was discussed fora = 360" ,a € [180°,360°), « € [90°,180°) and a € [45° 60°).

Then Urrutia asked a question: “What is the minimum number of guards (f(n)) for full protection of
each n-gon while angle of vision of guards are 180° and they can locate on each point?” [6]. An

obvious upper bound is 2 EJ by replacing every 360°-floodlight by two 180 °-floodlights. In 1992,
Larman and Bunting showed f(n) < E (n+%)] and this result was improved to f(n) <

E (n— 3)] by Csizmadia and Toth. Finally, f(n) < BJ was presented as an upper bound for the

maximum number of guards [4]. In 2002, Thoth proved that for « € [90°,180°), the minimum
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number of floodlights is 2 EJ [5] and then in 2003, he proved that for « € [45°,60°), f(n) <n—1

for odd values of n and f(n) <n —2 for even values of n [6]. For a € [60°90°), the problem is
still open.

Let f(n, ) be as the minimum number of a-floodlights which can cover an arbitrary polygon, as

f(na)

defined in [6]. Note that the function g(«)=lim Sup———= is a monotone function and
n—oo n

lim g(cr) =oo[6]. Figure 1 shows the known values of this function.
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Figl. Representation of G(4)

According to the definition of g(a) and its graph, Toth expected that f(n,60°) = [?’(nT_z)] The lower

3(n-2)
4

bound [ ] has been proved by Toth [6]. For the upper bound, there is no result, up to now.

2. ORTHOGONAL POLYGONS

In this section we consider the orthogonal polygons. In an orthogonal polygon every edge is either
horizontal or vertical, and thus every vertex is a right angle. Let P be a simple orthogonal polygon
without hole which has n vertices. Consider the problem of illuminating the interior of an orthogonal
polygon P with minimum number of 60°-floodlights.

As we mentioned before, there is a lower bound for the number of required 60°-floodlights to
illuminate an arbitrary polygon [6]. In this section, we will show that this lower bound is also an

3(n-2)
4

upper bound for the orthogonal polygons. Precisely we want to show that [ ] 60°—floodlights

are sufficient for illuminating an orthogonal polygon with n vertices.

There are two cases:

e There is a horizontal or vertical line segment I connecting two reflex vertices of P such that the
interior of I is totally contained in the interior of P.

o No such horizontal or vertical line segment exists. In this case, we say that P is in general position.

Lemma 1. Let P be an orthogonal polygon with r reflex vertices that satisfies Constraint (1), then it

can be illuminated by 2|%| +2 60>floodlights.
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Proof. Let [ be a horizontal line segment as in (I). Then [ splits P into two orthogonal polygons
P; and P, with r; and r, reflex vertices respectively, such that r, + r, = r — 2. By induction, we

can illuminate them with 2 [2—1] +2 and 2 lrz_z + 2 60°-floodlights respectively. But we know that
er—lj +2+2 lr—zj +2<2 H + 2, so we are done.
2 2 2

Now we will show that the above lemma holds also for the orthogonal polygons in general position.
For this we need some notations and use a partition of orthogonal polygons into L-shape [7].
Definition 2. An orthogonal polygon is called L-shape, if it has at most one reflex vertex.

Note that an L-shape polygon is a rectangle or an orthogonal hexagon. See Figure 2.

Fig2. L-shape polygon

The main idea for proving Lemma 1 for arbitrary orthogonal polygons is the following lemma which
is proved in [7].

Lemma 2. Every orthogonal polygon in general position with r reflex vertices can be partitioned

into at most EJ + 1 L-shape polygons.

Proof. Refer to [7].

Lemma 3. Let P be an orthogonal polygon in general position with = reflex vertices. Then it can be

illuminated by 2 || +2 60°floodlights.

Proof. First we partition P into EJ + 1 L-shapes by Lemma 2. Each L-shape polygon can be

illuminated by two 60 °-floodlights. See Figure 2. Then we can illuminate P by ZEJ+2
60°-floodlights.

Obsevation 1. The number of reflex vertices of an n-gon P is @.

3(n-2)
4

Theorem 1. Let P be an orthogonal polygon with n vertices, then it can be illuminated by [

60°-floodlights.
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Proof. By Lemmas 1 and 3, we can illuminate P by ZEJ + 2 60°-floodlights which equals to
2 ([n—_‘LJ + 1) by Observation 1. Note that n is even, therefore always we have 2 H < [M] So
4 4 4

the number of floodlights is at most [@]

3. PSEUDO-TRIANGLES
In this section, we study the problem of illuminating pseudo-triangles by 60°-floodlights and we will

3(n-2)
4

show that the lower bound [ is also an upper bound for this class of polygons. In other words, we

will show that [@] 60°-—floodlights are sufficient for illuminating a pseudo-triangle with n

vertices.
A pseudo-triangle is the “most reflex” polygon possible—it has exactly three convex vertices with
internal angles less than 180°. See Figure 3.

Fig3. A pseudo-triangle

Clearly a pseudo-triangle is a star shaped polygon, it means that there is point S inside it which is
visible from all points of pseudo-triangle. If we place three 60°-floodlights on S, the pseudo-triangle
can be illuminated. Therefore each pseudo-triangle can be illuminated by six floodlights. If 6 <

[—3(':2)], then we are done. In other words, for n > 9, [3("7_2)] is an upper bound.

3("_2)] 60°-floodlights are sufficient for

Now we assume that 3 < n < 8. We should prove that [ "

illuminating these eight classes of pseudo-triangles with n vertices.

1. n = 3: each triangle has at least one vertex less that 60°. So it can be illuminated with one
60°-floodlight.

2. n = 4: these pseudo-triangles are tetragons with a reflex vertex, which can be partitioned into two
triangles. So it can be illuminated with two 60°-floodlights.

3. m=>5: always we can partition these pentagons into a triangle and a tetragon. So it can be
illuminated with three 60°-floodlights, one for the triangle and two for the tetragon.

4. mn = 6: Figure 4 shows all the cases of hexagons which are also pseudo-triangle.
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Fig4. All types of hexagons
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In case (a), we place three 60°—floodlights on a point on segment MN.

In case (b), clearly one of the convex vertices is less than 60°, denoted as N. We can partition the
hexagon into a tetragon with a vertex which is less than 60° and two triangles. See Figure 4(b).
The tetragon needs one floodlight. So the hexagon can be illuminated by three floodlights.

In case (c) we place three floodlights on convex vertex N. See Figure 4(c).

5. mn=7: always we can partition these polygons into a triangle and a hexagon. So it can be
illuminated with four 60°—floodlights, one for the triangle and three for the tetragon.

6. n = 8: always we can partition these polygons into a triangle and a 7-gon. So it can be illuminated
with five 60°—floodlights, one for the triangle and four for the tetragon.

4. CONCLUSIONS AND FUTURE WORKS

In this study, we considered the problem of illuminating the interior of P with minimum number of
60°-floodlights, where the polygons can be orthogonal or pseudo-triangle. We proved the correctness

of the conjecture of [@] for the orthogonal polygons and the pseudo-triangles.
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