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Abstract: We derive optimal hedging ratios for interest rate risk under different assumptions that underpin
the relationship between the forward rate and the expected future spot rate. In some instances, full hedging is
optimal, and the conditions for the optimality of a partial hedge are identified. Less hedging (more floating
debt in our model) is more optimal under the liquidity preference model than under the unbiased expectations
hypothesis. This indicates that in times of higher preference for liquidity less hedging is optimal. Higher
preference for liquidity correlates with larger term spreads (a steeper yield curve) and periods of monetary
easing. Comparison of the analytical results with historical data indicates that partial hedging for interest
rate risk is generally preferable over full hedging strategies with some exceptions. Lastly, the paper shows the
role of market timing on hedging decisions.
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1. INTRODUCTION

In the financial services industry, the forward curve is a common metric used for forecasting the
short-term rate. Samuelson’s (1965) original formulation of efficient markets presumes that the
forward rate is the best forecast of the spot rate. Samuelson interprets the future price as concrete
observations of the spot price anticipations, and states that examinations of past changes in the
forward curve does not improve forecast ability.'The unbiased expectations hypothesis (see Gibson et
al., 2010) states that the forward rate is equal to the future expected spot rate. Hicks’ liquidity
preference model, instead, projects that the forward market is in constant contango (i.e., forward rate
exceeds the expected spot rate). Lastly, the preferred habitat theory is consistent with a future market
that is in either contango or normal backwardation.

In this paper, we examine optimal firm behavior under the unbiased expectations hypothesis and the
effect of violations of this hypothesis on hedging behavior for interest rate risk. The analytical results
underscore scenarios for which full hedging is preferable over partial hedging strategies and
viceversa. Less hedging (more floating debt in our model) is more optimal under the liquidity
preference model than under the unbiased expectations hypothesis. This indicates that in times of
higher preference for liquidity less hedging is optimal. Higher preference for liquidity correlates with
larger term spreads (a steeper yield curve) and periods of monetary easing.

A corollary of our analytical model is that the level of floating debt (less hedging in our model)
positively correlates with the difference between forward rate and the expected spot rate. This result in
consistent with Chernenko and Faulkender (2011) empirical finding that firms prefer more floating
debt when the term structure is steep.

Furthermore, comparison of the analytical results with historical data indicates that full hedging (in
the Libor market) is optimal only under very specific economic conditions, while a partial hedge is
more optimal in most economic environments.

The derived analytical results also underscore that risk aversion is not a necessary condition for
hedging, and profit-making motivations are intertwined with hedging strategies. A profit maximizing

!Limitations of the forward curve for spot rate forecasting have been well established in the literature (Shiller et
al., 1983; Fama, 1984; Fama and Bliss, 1987; Campbell and Shiller, 1991; Piazzesi and Swanson, 2004).
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institution will use interest rate derivatives for speculative activities only in specific economic
environments. This finding partly conciliates some diverging views on the use of interest rate
derivatives for other purposes than hedging. For example, Faulkender (2005) and Chernenko and
Faulkender (2011) indicate that firms use interest rate derivatives for both hedging and speculative
activities, while Allen et al. (2012) analysis indicates that hedging is the dominant factor.

Lastly, we show the role of market timing on hedging decisions.
2. ASSUMPTIONS

The paper follows a set of assumptions that intend to make the analysis more tractable. These
assumptions are:

1. The bank lending rate is fixed, while the borrowing rate is floating.’

2. For simplicity and without loss of generality, interest rate uncertainties are modelled in a static
framework.

3. The objective function of the bank is to maximize expected utility, i.e., maximize profit with a
risk premium component.

4. The utility function exhibits constant absolute risk aversion in order to increase tractability of the
analytical derivations.

3. BAsSIC BANK OPTIMIZATION PROBLEM
Mathematically, the objective function of a private bank is:

Y
(1) Max (Y, K) = R x ¥ — BR (E) x [Y — K]

where
R = Lending rate;
Y = Outstanding balance;

BR = Borrowing rate defined as a continuously differentiable function that is convex with respect to
the asset to equity ratio, Y/K; and

K = Bank’s Equity (Capital).
However, we assume that in the short-term equity is constrained and, therefore, the objective function
reduces to:
Y
(2) Maxy (Y) = R X Y — BR (E) x [Y — K].

The optimal choice for lending volume thus satisfies the first order condition:

(3) R — BR — 2E x[%]x[Y—K]=O.

From Equation 3, lending fees and equity levels explain lending levels. In particular, at the optimal
choice, a profit maximizing bank selects outstanding loan balances so that the total cost of an
additional unit of lending equals the lending rate. Alternatively stated, the optimal asset-to-equity ratio
is the point in which firm value is maximized. That is, the point where marginal cost of debt just
offsets marginal benefits.

The solution of the optimization hinges on the condition that:
d°BR/3(Y/K)? > 0.

Note that the second order condition is the market intrinsic constraint on growth. That is, optimal
growth rates based on leverage are constrained by the equity-to-asset ratio. This assumption is

“This paper focuses on optimal hedging of floating rate debt. Of course, there are other motivations for hedging
not modelled in this paper, e.g., use of hedging to avoid costly external financing by better matching internal
cash flow with financing needs (see Froot, Scharfstein, and Stein, 1993).
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intuitive, as the borrowing rate does increase at an increasing rate (in absolute terms) across rating
grades.

4. OPTIMAL INTEREST RATE HEDGING: UNBIASED EXPECTATION HYPOTHESIS
To calculate optimal hedging ratios, we assume that the borrowing rate is:

Y
BR = BR (—) + LR
K
where

LR ~ N(LR,c?).

Note that LR can be interpreted as the Libor rate that fluctuates with market conditions and, therefore,
has a random component.

Under the unbiased expectations hypothesis, the forward rate equals the expected spot rate and,
therefore,

E(LR) =LR =FR
where FR is the forward rate.

Hedging occurs under the unbiased expectations hypothesis only if the bank is risk averse.
Specifically, under risk aversion and an uncertain interest rate scenario, the optimization in (2) is
generalized as follows:

(4) Maxn(Y,K) = U{R XY — BR (%) X [Y —K]— (LR + RP) X [Y — K]}

where
Risk premium = RP = RP(¢%,m,U),  for ORP/da? > 0.

Furthermore, under the assumption of constant absolute risk aversion,

ORP
e 0.

To introduce the optimal hedging ratio, we assume that the bank can lock some of the funding cost
with the forward curve, FR, as follows:
Y R
(5)Maxm(Y,K,7) = UR XY — BR (E) X[Y —K]—tx(LR+RP)x[Y —K]}—(1—1) x FR
,T
X [Y —K]}
where(1 — 7)is the hedge ratio and t € [0,1].

The first order conditions of the optimization in (5) are:

oU _ dBR /1
(6a)%x{R—BR—T><(LR+RP)—(1—T)xFR—a—Yx<E>><[Y—K]}=0.
K

ou ORP
(6b) === x {[(LR + RP) = FR + 1——] X [Y = K]} < 0.

aFR
where — > 0.
at

Under the unbiased expectation hypothesis, the optimization reduces to:

(7a)g—Z><{R—BR—T><RP—FR—a§? x(%)x[Y-K]}:OI
K

7b ou x {|RP + oRP X[Y—K]} <0
(7b) or {[ or ] p=<o.
However, Equation 7b is necessarily negative since
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rRP+7 282 5.
ot

Therefore, the optimal allocation of borrowing is to fully hedge, t = 0, for interest rate risk as long as
the bank is risk averse.

Now, if the bank fully hedges interest risk, then the bank can effectively lend more than the case the
bank does not use the forward market, as

FR <LR+RP
in (5) results in a higher level of lending under full hedging.

The results derived under a private bank also apply for a public bank, represented by the objective
function (see Sarmiento, 2018):

(8)1\/l£ixn(Y,K,T) = U{R xY—BR(%) X[Y —K]—tx(LR+RP)x[Y —K]}— (1—1) x FR
x[Y —K]}+ T(Y,LR)

where

T(Y, LR) = Social benefit from both lending and the fees related to the lending.

Note that under the optimization function in (8) and the unbiased expectations hypothesis, the first
order condition in (7b) does not change and, therefore, the optimal hedging ratio under the assumption
of a private bank’s objective function extends to the case of a public bank’s objective function.

5. OPTIMAL INTEREST RATE HEDGING: UNDER DEPARTURES FROM THE EXPECTATIONS
HYPOTHESIS

The optimal use of hedging is straightforward under the assumption that markets are efficient.
However, the optimal hedge ratio is confronted, more realistically, under the condition:

E(LR) = LR # FR.

That is, the forward Libor rate is not generally an unbiased predictor of the spot rate. In this instance,
full hedging may not be optimal. Moreover, hedging becomes an instrument used by both risk neutral
agents and speculators. The process of hedging and profit making then becomes intertwined.

To evaluate the optimization in (5) under alternative hypotheses, we first assume that
(9)LR > FR.

This case generates the same results than the unbiased expectation hypothesis. That is, full hedging is
optimal, and it contributes to more lending.

However, full hedging is not necessarily optimal if

(10)LR < FR.

This case corresponds to Hicks’ liquidity model.

Specifically, under (10), the first order conditions of the optimization in (5) are:
1

ou -— 0BR
(11a)%x{R—BR—rx(LR+RP)—(1—r)xFR—Wx(E)x[Y—K]}=0.

K

dRP
at

(11b) =22 x {[(LR + RP) = FR+ =] X [Y = K]} < 0 or > 0.

Equation (11b) is no longer necessarily negative under (10), and a full hedging strategy is no longer
optimal in many cases. For example, from (11b), no hedging is optimal if:

- JRP
(12) FR> (LR+RP+r< ?),for all 7.

That is, if (12) holds, then (11b) is positive and, therefore, T =1.
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An interior solution to the optimization problem in (11) corresponds to the solution in which partial
hedging is optimal. That is,
JRP

2 x Y —KJy=0.

—Z X {[TR+RP)—FR+1
A necessary condition for the optimality of partial hedging is, therefore,
FR > (LR + RP).

The sensitivity of the risk premium with respect to the hedge ratio thus determines the optimal ratio
under a partial hedging solution. In addition, a higher risk premium (higher ) implies that lower
lending (lower Y/K) needs to be maintained, and a higher hedge ratio is optimal.

6. COMPARISON OF THE ANALYTICAL RESULTS WITH HISTORICAL DATA
The previous section established that partial hedging is optimal over full hedging if
FR > (LR + RP).

However, the likelihood of such event cannot be established analytically, and the use of actual data is
necessary. Figures 1 to 7 show the historical relation between the forward curve and the realized spot
price in the last 20 years. The historical data points to the premise that the Libor forward market tends
to be in contango,

FR > LR,

in most economic environments. For example, Figure 2 indicates that the forward rate exceeded the
realized spot rate by a wide margin during the financial crisis. The implied high liquidity premium
during that period provided incentives to have a larger proportion of floating debt or less hedging in
the context of our model. Some historical exceptions are apparent. For example, the forward Libor
rate appears to have been in backwardation in 2016 — as the Federal Reserve started the tightening
cycle in Figure 6.
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Forward Curve -- Starting Jan 2008

6.000
EE T e B
w 4000
i
o 2.000
2
= 0.000
% 1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39
=]
E Time in Quarters Starting in Jan 2008
Forward e Actual
Figure2. Model Fit Forward Curve in 2008
Forward Curve -- Starting Jan 2013
2.500
¥ 2000
£ 1500
T 1000
(=]
2 0500
£ 0.000
é 123456 7 8 910111213 141516 17 18 1920 21 22
- Time in Quarters Starting in Jan 2013
Forward ——— Actual
Figure3. Model Fit Forward Curve in 2013
Forward Curve Startingin Jan 2014
4,000
*
2 2000 w
o=
_qa 0.000
g 1 2 3 4 5 6 7 B 9% 10 11 12 13 14 15 16 17 18 1%
é Time In Quarters Starting in lan 2014
.

Forward Actual

Figure4. Model Fit Forward Curve in 2014

International Journal of Managerial Studies and Research (IJIMSR) Page | 51



Optimal Hedge Ratios Under the Presence of a Forward Curve Bias
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7. OPTIMAL INTEREST RATE HEDGING: UNDER TIME VARYING FORWARD PRICES

The optimal hedge ratio derivations become more complicated when the timing to lock a forward
position is also a control variable at the bank. To that end, we allow timing of the hedge is a control
variable in addition to the hedge ratio. To extend such choice in (5), we assume (for simplicity sake)
that within the static framework that there are two forward contracts. One fully eliminates interest rate
uncertainty and the second contract embeds a lower maturity date that does not fully hedge the
position.

The objective function in (5) is then extended as follows:

(13) Max (¥, K,7) = U{RxY—BR(%)x [Y — K] — 1y X (LR + RP) X [Y — K]} — 7, X FR,
' +RP) X[Y = K]} — (1 =7, — 7,) X FR X [Y — K]}

where (1 — ;) is the hedge ratio under contract i and t; € [0,1];FR;is the forward price that does not
fully cover the redemption period of the debt maturity and, therefore, embeds a residual risk premium,
FR..

The first order conditions of the optimization in Equation 13 are:

ou _
(14a)£><{1!e—31!e—r1 X (LR +RP) — 1, X (FR; + RP,) — (1 — 7, — ;) X FR

- EgB;YRx(%)x[Y—K]}:0.
K

dRP
61’1

(14b) — 2 x ([(LR + RP) — FR + 1, 2] x [Y — K]} = or < 0.
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RP,

U
(140) —5-x {[(FRZ +RP) ~FR 47552

]X[Y—K]}20r>0.

Under the unbiased expectations hypothesis,
E(LR,) = FR
and
E(LR,_;) = FR,

where the subscript t - sis used to refer to the forward price that does not fully cover the redemption
period of the debt maturity.

Now, if
FR < FR, + RP,

then the strategy to fully hedge interest rate risk is still optimal as both (14b) and (14c) are negative.
However, if the forward market provides the opportunity for lower rates at lower maturities,

FR > FR, + RP,,

then the Bank may pursue partial hedging even under the unbiased expectation hypothesis. Lastly,
under Hicks’ liquidity preference model, the likelihood of market timing in hedging decision
increases.

8. CONCLUSION

From the analytical derivations, the decision to hedge is straightforward. In some cases, full hedging
is optimal, and the conditions for the optimality of a partial hedge are identified. Less hedging is
more optimal under the liquidity preference model than under the unbiased expectations hypothesis.
This indicates that in times of higher preference for liquidity less hedging is optimal. Higher
preference for liquidity correlates with larger term spreads and periods of monetary easing.

Comparison of the analytical results with historical data, however, indicates that full hedging (in the
Libor market) is optimal only under very specific economic conditions, while a partial hedge is more
optimal in most economic environments.

During the financial crisis, the forward Libor rate exceeded the realized spot rate by a wide margin.
The implied high liquidity premium during that period provided incentives to have a larger proportion
of floating debt or less hedging in the context of our model. In the post Great Recession period, the
difference between forward price and the expected price narrowed, which concluded in a period of
normal backwardation as the Federal Reserve started the tightening cycle in 2016.

The derived analytical results also underscore that risk aversion is not a necessary condition for
hedging, and profit-making motivations are intertwined with hedging strategies. A profit maximizing
institution will use interest rate derivatives for speculative activities only in specific economic
environments. This finding partly conciliates some diverging views on the use of interest rate
derivatives for other purposes than hedging. For example, Faulkender (2005) and Chernenko and
Faulkender (2011) indicate that firms use interest rate derivatives for both hedging and speculative
activities, while Allen et al. (2012) analysis indicates that hedging is the dominant factor.
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