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1. INTRODUCTION

In this paper, we consider problem of analytical continuation of a solution of the system equations of
the thermo elasticity in bounded domain from its values and values of its strains on a part of the
boundary of this domain, i.e., the Cauchy problem and we give a criterion for solvability of the
Cauchy problem.

Let x = (x1,x2,%x3) and y = (y;,y,,y3) be points of the 3 —dimensional Euclidean space R3, D
be a bounded simply connected domain in R3 with piecewise-smooth boundary consisting of a piece
¥ of the plane y; = 0 and a smooth surface S lying in the half-space y; > 0.

Suppose U(x) = (uq(x),uz(x), uz(x),us(x)) is a vector function satisfies the following system of
equations of the thermo elasticity in D [1]:

B(d,,w)U(x) =0, (1.1)
where
B(0y, ) = [Byj (05, @],
and
52

By 0y, ) = Oj (UA + pw?) + (A + ) , k,j=1,23,

Oxp0x;

B4 (0,, w) = k=123,

—VE )

Byj (0, w) = —i(uni ,  j=123,
0%;

lw

K

8y — is the Kronecker delta, i =v—1, w — is the frequency of oscillation and 1,u,p,0 are its
coefficients which characterizing medium, satisfying the conditions

u>0, 31+ 2u>0, p>0, 6>0, %>0.

By (0, 0) = A+

System (1.1) can be written in the form;

International Journal of Modern Studies in Mechanical Engineering (IJIMSME) Page | 33



Solvability Criterion for the Cauchy Problem for the Theory of Elasticity

pAu + (A + wgrad divu—y grad v + po?u =10
Av+%‘)v+iwn divu=0, (1.2)
where U(x) = (ug (%), up (%), u3(x), ug (%)) = (u(x), v(x)) , u(x) = (us(x),uy(x), uz(x)).

Statement of the problem. Let f = (fi, f2. f5, f)T € [C1(]*, g9 = (91,92, 93,94) € [C(H]*
given vector-functions. It requires to find (if possible) a vector-function U(x) € [C1(DUS) N
C2(P)4 such that

B(@,,w)U(x) =0 in D,
U =f), y€S, (1.3)
R(0,n»)UG) =g, yES,
where R (ay,n(y)) — is the stress operator, i.e.,

—Yym
/ T —-yn,
R(2,,n) = [Ry (3y,m®)], = k s )
000 o

=7 (3,,n) = 1y (ay'"(y))]] x3 '

Ty (0, n(»)) = Ank(w +;m,(y) —+ Q405 k=123

on ( )’
n(x) = (ny(x),n,(x),n3 (x)) — is the unit outward normal vector on @D at a point y.

Here [Ck O1*, (k=0,1,2,..) stands for the vector space of all 4-vector valued functions whose
components are k times continuously differentiable on aset D ¢ R3.

It is known that the system (1.2) is elliptic and problem (1.3) has no more than one solution. However,
itis ill-posed, i.e. 1) not for any data there exists a solution; 2) solution do not depend continuously on
the Cauchy data on S (see, for example, [2]).Therefore, solvability conditions can not be described in
terms of continuous linear functional.

In this paper we will apply the integral representation's method to obtain solvability conditions and a
formula for solution of the problem.

2. CONSTRUCTION OF THE CARLEMAN MATRIX AND APPROXIMATE SOLUTION FOR THE CAP
TYPE DOMAIN FOR THE CAP TYPE DOMAIN

It is well known that any regular solution U (x) of the system (1.1) is specified by the formula [1]

206 = [ (¥ - y.0){R (2,,n0)) v} -
aD

— {ﬁ (ay,n(y)) P(x —y, w)} U(y)) ds,, x€D, (2.2)
where the symbol {-}* — means the operation of transposition, ¥(x — y, w) is the matrix of the
fundamental solutions for the system of equations of steady-state oscillations of the thermoelasticity:
given by
Y(x,w)= [[‘P K (x, a))]]4x4 ,

3

02
'ij(x,a))=2[(1_6k4)(1 14)( l(’)x 0x>+

=1

_ 0 0 exp(id|x|)
+B; | iwn(1 — &4)8)a % Y1 = 8ka) 4 9%, + Okala vi Tl
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Where

o 3
_ (—DI(1 — iw871272) (81, + 621) _ 03 1=123 z a =0

a
=1

3
-8 + 6
8 = (=1)"(61; + 621) =123 Zﬁl=0.
=1

S 2m@A 425 - 2D

3

—DY B —k?) (6, + 6

yl:( ) (A 21)(2“ 21),l=1,2,3; Zm=0'
ZH(AZ_Al) =1

2
w
i = po? A+, 2=

A% and A% are defined from the equation

24 92 — lw iwyn 2 292 w
A+ 25 9+/1+2M+k1, A{A Hkl'
where A7 # A3,

P(x,w) = [[‘f’ K (x, a))]] gy K (6 @) =¥y (—x, )

—iwnny
( T —iwn nz\

R(0,,n) = [Ry ()], , = k —henns )
000

4x4 "’

on

Definition. By the Carleman matrix of the problem (1.1), (1.3) we mean an 4x4 matrix 71(y, x, , 7)
depending on the two points y,x and a positive numerical number parameter o satisfying the
following two conditions:

1) Iy, x,w,0)=¥Yx—-y,w)+GG(x—y,0),

where the matrix G(x — y, o) satisfies system (1.1) with respect to the variable y on D, and ¥(x —
Jy,w isamatrix of the fundamental solutions of system (1.1);

2) j (lH(y, xX,w,0)| + |R (ay,n(y))ﬂ(y, X, w, a)l) ds, < &(o),
aD\S

where (6) — 0, aso — oo; here |77 is the Euclidean norm of the matrix /7 = [17;; | ie.,

4x4
4
=
kj=1
In particular,
4
U2 = (Z U%) -
k=1
From the definition of Carleman matrix and from the Greens formulas it follows that

Theorem2.1. Any regular solution U(x) of system (1.1) in the domain D is specified by the formula

2U(x) = f (H(y, X, W, 0) {R (E)y,n(y)) U(y)} -

aD

International Journal of Modern Studies in Mechanical Engineering (IJIMSME) Page | 35



Solvability Criterion for the Cauchy Problem for the Theory of Elasticity

— {ﬁ (ay,n(y)) Iy, x, w, a)} U(y)) ds,, x€D, (2.2)
where 71(y, x, w, o) is the Carleman matrix and 71(y, x, w,0) = P(y — x,w) + G(y — x,0) .

Using this matrix, one can easily conclude the estimate stability of solution of the problem (1.1), (1.3)
and also indicate effective method decision this problem as in [3], [4].

With a view to construct an approximate solution of the problem (1.1), (1.3) we construct the
following matrix:

Iy, x,w,0) = [II; i, x, , 0)]]4><4 ,

3 5kj 02
I (v, x, w,0) = Z (1= 8a)(1 = 84) H‘Sy A 0, 0x; *
=1 '

0 0
+B (iwn(l ]4)6k4 - ‘}/(1 5k4)5j4 E) + 5k45j4 yl] (D(y' x,0, ill) ’ k'j =123,

3
d
11 (y,x,0,0) = Z {iﬁlwn(l — 5]-4)5 + 84 Vz}dD(y, x,0,iA), j=123,
=1 1
3

0
Iy (¥, x, w,0) = z {—ﬁl)/(l - 5k4)a + G4 yl}CD(y,x, o,id), k=123,

=1
H44(y, X, W, 0) = Zlgzl qu)(y, X, 0, l)ll) ’ (23)
Where
_ 1 0 exp (o wz) cosifAu)du
(D(y' X, 0, A) T —2n2exp (ax%) fO w—x3 VuZ+a?z (24)
w=iJuz+al+y;, a’>=(;—x)%+ @, —x)%, a>0.
The following theorem was proved in [5].
Lemmaz2.1. For function ®(y, x,a, A), the following formula is valid
®(y,x,0,iA) = expmr) + o, x,0,A), r=|x—Yl (2.5)

where @(y, x, a,A) — is a regular function that is defined for all y and x satisfies the Helmholtz
equation: A(d,)¢ +A’p=0, yeD, A*>0.

Moreover, for function ®(y, x, g, iA) holds following inequality
a0 A
faD\S(ld)(y,x g, iN)| + |—(yxm )|) < C(A,D)oexp(—ox2), (2.6)

Where C(A, D) certain bounded function independent of ¢ and
9> 9? 9?
A0, ) = + + :
) =552t o

The function ®(y,x,a, A) we shall call Carleman's functions for the Helmholtz equation. For her
holds following inequalities:

|®D(y,x,0,iA)| < Cir~Lexpo(y? —x32),

k

02®(y, x,0,iA)

FOVX RN < 03 g2 f-x), kj=123
dyy, dy; < Crotexpolys —x35), kj=123,

here C, = const, k=1,2,3.
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From Lemma 2.1 we obtain

Lemmaz2.2. The matrix 71(y, x, w, o) given by (2.3) and (2.5) is Carleman's matrix for problem (1.1),
(1.3).

By using (2.3), (2.4) and inequalities (2.7) we obtain

faD\s (IIY(y, X, w,0)| + |R (5y.n(}’)) Iy, x, w, O')l) ds, < C(D)o?exp(—ox5), (2.8)
where C (D) is a bounded function inside of D.

Let us set

20, = [ (1100%,0,0) R (0,m00) U} -

N

- {ﬁ (ay,n(y))ﬁ(y, X, w, 0)} U(y)) ds,, xE€D. (2.9)
The following theorem holds.

Theorem2.2. Let U(x) be a regular solution of the system (1.1) in D such that

U +|R (2, n3)) UG)| <M, y € aD\s. (2.10)
Then for ¢ = 1 the following estimate is valid:

[UQx) = Uy (X)| < MC(x)0*exp(—0x3),

Where

Since, by formulas (2.2) and (2.9) we have

0 -V, <3| [ (10.50,0) (R (3,m00) v} -
aD\S

- {ﬁ (E)y,n(y))ﬁ(y, X, w, a)}* U(y)) dsy| <

s% Jﬂ(UK%meaN4—HR(@nﬂyﬂfK%meaﬁw)Ouooykh(awnoo)ugqbd%_

aD\S
Now on the basis of (2.8) and (2.10) we obtain the required estimate.

Corollary. Provided theorem we have the following equivalent formulas continue
= li 1 li 0
UG) = lim U, () =5 lim f (10, 0,0){R (3,,n(3)) U} -
5
— {ﬁ (ay,n(y)) I(y, x, w, O')} U(y)) ds,, x€D, (2.11)

U6 =5 [ (1050 {8 (2,,n)) U} -

S

_ {R (E)y,n(y))ﬁ(y, x,w)}* U(y)) ds, +% J Q(x,w,0)do , x€D.
0
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Where

QG0,0) = [ (Por3,0,0) R (3,m00) U} -

5
- {E (ay,n(y)) P(y,x,w, 0)}* U(y)) ds,, xE€D,

0 0
P(y,x,w,0) = %H(y, X, w,0) = [[%ij (y,x, w, O')]]

I(y, x, w) matrix constructed according to the formula (2.3) and (2.4) at
expiiAr)

dmr
Equivalence formulas continuation (2.11) and (2.12) follows from the formula

fdu
lim U, (x) = f o ()
g >0 d

0

Based on the continuation of the formula (2.11) and (2.12) we give solvability criterion the Cauchy
problem (1.1), (1.3).

Theorem2.3. Let S € C?, f € CL(S), g € C(S). then, for problem (1.3) to be
Solvable, it is necessary and sufficient that

4x4

DO(y, x,iA) =

do + Uy (x)

<o, |pl=<2,

f 3’ Q(x,w,0) do
0

Where p — a multi-index, uniformly on any compact K ¢ D, x € K.
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