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Abstract: Darcy’s law is the fundamental equation that is used to describe the flow of fluids within a
classical porous medium with a definite hydraulic conductivity and with a porosity varying between 0 and
100 %. This momentum conservation equation for describing isothermal single-phase fluid flow through
porous media has been defined at the macroscopic-scale unlike the NavierStokes Equation (NSE) defined at
the microscopic-scale, which is used to describe fluid flow through pipeswith 100%porosity and infinite
hydraulic conductivity. However, the extension of Darcy’s law to describe the multi-phase fluid flow through
a typical porous medium has severe limitations as an additional concept of an immiscible fluid-fluid interface
along with its bounding surfaces. In addition, the concept of macroscopic capillary pressure associated with
multi-phase fluid flow is traditionally related to the microscopic parameters as the mechanism of multi-phase
fluid flow through a porous medium has not been conceived from the very fundamental conservation
principles. The focus of the present paper is to revisit on the existing single-phase Darcy’s law for both
homogeneous and heterogeneous porous media followed by its extension to describe multi-phase fluid flow.
Since, groundwater and petroleum communities are extensively using this conventional Darcy’s law; and
apply to almost all kinds of reservoirs including heterogeneous and fractured reservoirs; and also for
compressible fluids under non-isothermal conditions in the absence of any modification or improvement.
Hence, any forecast made based on using this simple Darcy’s law requires careful understanding of this law
and their serious limitations in depth. Understanding of such limitations on the extension of Darcy’s law is
highly required before finalizing the implementation of any subsurface fluid flow project. In this context, an
attempt has been made by the author to deduce a list of serious limitations associated with the extended form
of Darcy’s law that takes into account the multi-phase fluid flow through both homogeneous and
heterogeneous reservoirs. This exercise is expected to be of great help in the applied projects such as
groundwater remediation, contaminant hydrogeology, enhanced oil recovery, CO, sequestration, subsurface
disposal of nuclear wastes, flow through fractured reservoirs, tight reservoirs, shale-gas reservoirs and CBM
reservoirs, which require a critical understanding at the pore-scale fluid migration mechanisms with
reference to that of macroscopic-scale Darcy’s law.
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1. INTRODUCTION

The flow of fluids through porous media is a topic of immense practical interest in a great diversity of
technical field such as groundwater recovery and management, contaminant transport analysis,
subsurface disposal of nuclear wastes, enhanced geothermal energy system, oil and gas production,
thermal/chemical/biological enhanced oil recovery, hydraulic fracturing, CO, sequestration,
combustion in inert porous matrix, flow through carbonate/fractured/shale-gas/CBM reservoirs,
granular beds for the storage of solar energy, forced convection cooling and so on. Thus,
characterizing fluid flow through a classical homogeneous porous medium; and subsequently, in a
heterogeneous fractured reservoir has been the subject of immense interest in the context of
groundwater aquifers (Suresh Kumar and Sekhar, 2005; Suresh Kumar et al., 2006; Sekar and Suresh
Kumar, 2006; Sekhar et al., 2006; Suresh Kumar, 2008; Suresh Kumar et al., 2008; Suresh Kumar,
2009; Natarajan and Suresh Kumar, 2010; Natarajan and Suresh Kumar, 2010; Natarajan and Suresh
Kumar 2011; Natarajan and Suresh Kumar, 2012a, 2012b; Renu and Suresh Kumar, 2012;
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Mohanasundaram et al., 2013; Berlin et al., 2013; Vasudevan et al., 2014a, 2014b; Suresh Kumar,
2014; Renu and Suresh Kumar, 2014; Natarajan and Suresh Kumar, 2014a, 2014b; Berlin et al.,
2014a, 2014b; Natarajan and Suresh Kumar, 2015; Berlin et al., 2015; Nikhil and Suresh Kumar,
2015a, 2015b; Suresh Kumar and Rakesh, 2015; Suresh Kumar, 2015; Vasudevan et al., 2015; Berlin
et al., 2015a, 2015h, 2015c; OmkarGaonkar et al., 2016a, 2016b; Renu and Suresh Kumar, 2016a,
2016b; Vasudevan et al., 2016a, 2016b, 2016¢; Suresh Kumar, 2016; Nikhil and Suresh Kumar, 2016;
Natarajan and Suresh Kumar, 2016; Vasudevan et al., 2017; Renu and Suresh Kumar, 2017a, 2017b;
Samarth et al., 2017; Nikhil and Suresh Kumar, 2017; Mohanasundaram et al., 2017; Renu and Suresh
Kumar, 2018a, 2018b; Suresh Kumar and Rakesh, 2018; Nitha et al., 2018; Natarajan and Suresh
Kumar, 2018), petroleum reservoirs (Srinivasa Reddy and Suresh Kumar, 2014a, 2014b;
Tusharsharma et al., 2014a, 2014b; Sivasankar and Suresh Kumar 2014; Tusharsharma et al., 2015a,
2015b, 2015c; Srinivasa Reddy and Suresh Kumar, 2015a, 2015b; Rockey Abhishek et al., 2015;
Sivasankar et al., 2016; TapanKidambi and Suresh Kumar, 2016; RockeyAbhishesk et al., 2016;
Sivasankar and Suresh Kumar, 2017a, 2017b; TapanKidambi et al., 2017; Suresh Kumar and
Srinivasa Reddy, 2017; Patwardhan et al., 2017; Sivasankar and Suresh Kumar, 2018; Sivasankar and
Suresh Kumar, 2019), geothermal reservoirs (Suresh Kumar and Ghassemi, 2005; Suresh Kumar and
Ghassemi, 2006; Ghassemi and Suresh Kumar, 2007; Rakesh and Suresh Kumar, 2016; Bagalkot et
al., 2018), shale gas reservoirs (Patwardhan et al., 2014; Samarth et al., 2015; Samarth et al., 2016),
coal bed methane reservoirs and deep saline aquifers (Vivek and Suresh Kumar, 2016; Vivek et al.,
2017). Since, flow through a classical homogeneous porous medium in itself has huge complexities,
there are still a number of unresolved fundamental queries. For example, the fluid flow through a
porous medium is assumed to follow a well-defined laminar flow regime, while in practice, it is
actually the fluid flow through a complicated tortuous fluid flow paths associated with only
hydraulically connected pore spaces in the absence of considering isolated or dead-end pore spaces. In
addition, in the laminar regime, the fluid flow is supposed to be described solely by the viscous effects
in the absence of any inertial or turbulent effects, while in reality, the fluid flow through a porous
medium generally gets into a transition regime of Reynolds number, where the fluid flow is neither
fully described by laminar nor by turbulent effects; but either by weak or strong inertial effects as
well, depending on the applications of interest. Further, in describing fluid flow through both
homogeneous and heterogeneous reservoirs, the geological formation of interest is assumed to be
characterized by single-phase single-layered primary porosity, while in reality, it will also be
characterized by a multi-phase multi-layered multiple-porosity systems. On top of it, for most of the
applications, it is required to have the details at the microscopic scale, however, conceptually and
mathematically simple macroscopic Darcy’s law is widely used [Bradford and Leij, 1997; Diaz et al.,
1987; Gray and Neill, 1976; Gray and Hassanizadeh, 1989; Hassanizadeh and Gray, 1990; Jerald and
Salter, 1990; Kalaydjin, 1990; Liu et al., 2007; Muccino et al., 1998; Siddiqui et al., 2015; Teng and
Zhao, 2000; Whitakar, 1986].Thus, there is a need to understand the fundamental concepts of the
subsurface fluid flow at a scale lesser than Darcy’s scale.For example, both groundwater and crude oil
being the subsurface fluid flow, a litre of spilled crude oil in the subsurface environment can
contaminate as much as one hundred thousand litres of groundwater; in addition, remediation of either
onshore oil spill (contamination of groundwater by spilled crude oil) is not so easy as it will take
several decades to address the same; and such field investigations require an understanding at the
micro- or pore-scale processes and Darcy’s law can only help us to address immediate concerns at a
larger field scale; and any incorrect understanding of subsurface fluid flow processes will only land up
with a marginal improvement in (enhanced) oil recovery factor. Since there is no mathematical model
that can describe fluid flow through a porous medium at the microscopic-scale as on date, and since
macroscopic Darcy’s law is widely used till date by the oil and gas industries, it is necessary to
understand the actual limitations associated with Darcy’s law, when it is extended for various
practical applications. It should be noted that Darcy listed his assumptions and limitations very
clearly, while the same law was extended for various applications without actually realizing its
limitations and assumptions. Thus, the focus of the current paper to bring out the possible list of
assumptions and limitations associated with the Macroscopic Darcy’s law, when it is used for various
practical applications associated with the subsurface fluid flow.

2. HOMOGENEOUS AND HETEROGENEOUS POROUS MEDIA

A porous medium can be conceptualized as a physical system composed of a solid part and a void
space, where the solid part refers to the impermeable rock-matrix (or solid grains) and the void space
refers to the permeable volumetric pore spaces through which the pore fluids such as water, oil and
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gas gets transported. There is a fundamental difference between a homogeneous and a heterogeneous
porous medium. It can be noted that there is no separate storage space for pore fluids in a
homogeneous and isotropic porous medium; and both the storage as well as transmission of the pore
fluid(s) takes place at any given pore-space within the porous medium. However, in a heterogeneous
fractured porous medium, the storage of the fluid(s) takes place within the low-permeable rock-
matrix, while the transmission of the fluid(s) takes place through the high permeable fractures. Thus,
the storage and transmission takes place in two different continua as against the single-continuum
based homogeneous and isotropic classical porous medium.

Similarly, in a homogeneous and isotropic classical porous medium, the role of solid-phase resulting
from the presence of solid-grains is generally avoided as it is assumed to be persistent and immobile
in a homogeneous and isotropic porous medium, while in a heterogeneous and anisotropic porous
medium, the restructuring of the pore geometry resulting from the reservoir compaction
subsequentlyleads to the restructuring of solid-grains, unlike the assumption associated with a porous
medium. And, in turn, the restructuring of the solid-grains leads to the changes in reservoir principal
stresses; and in such cases, the fluid flow needs to be coupled with the geo-mechanical models in
order to deduce the relation between the displacement and the pore pressure. Thus, in a homogeneous
porous media, only the fluid is considered for the reservoir characterization and the solid-phase
remains ignored, while in a heterogeneous and anisotropic porous media, it is required to consider the
fluid flow along with geo-mechanical aspects.

It should be seriously noted that any heterogeneity or anisotropy associated with the microscopic-
scale or pore-scale should not be considered in the estimation of reservoir pressure or saturation; and
only the macroscopic-level variations or fluctuations can be considered as the reservoir fluid
dynamics is analysed based on the macroscopic-based (and not microscopic- or pore-based) Darcy’s
law. Even at the macroscopic-scale, the so called heterogeneity is not actually considered as the
degree of heterogeneity depends on both the frequency as well as on the spatial distributionsof the
variables of interest along with their inherent instability. Thus, it can be clearly seen that the
heterogeneous parameters associated with the microscopic-scale should never be considered in the
context of Darcy’s law. On the other hand, the heterogeneity associated with the macroscopic-scale
remains extremely challenging to capture those details at the larger field-scale. In essence, defining a
reservoir either to be homogeneous or heterogeneous requires utmost care as what is required for the
reservoir characterization is completely different from what is been actually carried out by introducing
various assumptions.For example, in any reservoir characterization, the values of average reservoir
porosity and the average reservoir permeability will be generally dealt with in the absence of their
respective distribution, while in reality, the mean value of porosity should have been deduced, say,
based on normal distribution, while the mean reservoir permeability should have been deduced, say,
based on log-normal distribution. In addition, it is common to consider the permeability variations in
the vertical directions only as the details on the depth wise depositional processes are relatively easier
to secure, while the permeability variations in the horizontal direction is generally ignored despite the
fact that the reservoir sedimentation very significantly over a typical reservoir length. In addition, in
reality, the reservoir heterogeneity is described geologically as a function of reservoir structure,
sedimentation and composition, while the same heterogeneity in practice is conceived as a function of
reservoir porosity, permeability, fluid saturation and (net) pay thickness by a reservoir engineer, either
from well-logs/core analysis or from pressure build-up data. Thus, the sample and the scale associated
with the data collected from the aforementioned methods leads to nowhere in critically deciding the
nature and degree of reservoir heterogeneity. It can be noted that the size of the core is infinitesimal
with reference to the size of the reservoir, while the pressure build-up test provides the effective
average (and not the simple average) value of the parameter over the drainage area of the well.In
essence, there is no clear consensus on the systematic approach for investigating the nature and degree
of heterogeneity associated with a reservoir in the context of reservoir performance evaluation.

In general, a porous medium can be conceptualized to be a homogeneous medium, when the
parameters of interest have the same average value throughout the reservoir domain; and those values
should have been deduced at the macroscopic-scale, where the minimum volume, over which the
average value has been deduced, should merge with the Representative Elementary Volume (REV).
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On the other hand, if the mean value of the parameter keeps varying as a function of space, then, it is
defined to be a heterogeneous reservoir. In addition, if the parameters of interest have the same
average value, in a particular direction only, with differing values in the other directions (as against
the same mean value throughout the reservoir domain), then, such a system is defined as an
anisotropic medium. On the other hand, if the parameters of interest have the same average value in
all the directions, then, such a system is defined to be an isotropic medium. From the above
discussion, it is clear that in reality the actual concept of reservoir heterogeneity and anisotropy is not
really taken into account towards reservoir characterization for various reasons; and using the same
Darcy’s law for almost all kinds of reservoirs deserves special attention with reference to the
extension and limitations of Darcy’s law.

3. SINGLE AND MULTI-PHASE FLUID FLOW

A phase can be defined as a portion of a system that is chemically homogeneous and which is
separated from other such portions by a distinct fluid-fluid boundary. For a single-phase fluid flow,
there is no fluid-fluid interface as the pore space is filled either with one fluid or with several fluids
that are totally miscible with each other. For a multi-phase fluid flow, there is a definite fluid-fluid
interface within the pore space as the pore fluids moving within it are totally immiscible with each
other. Characterization of a single-phase fluid flow using Darcy’s approach is straight-forward using
groundwater or gases (gases are always totally miscible with each other), while the extension of
Darcy’s law to describe multi-phase fluid flow has serious limitations in the sense that there exists a
concept of capillary pressure at the fluid-fluid interface, which has no relevance with Darcy’s law. In
addition, this concept of capillary pressure is associated with the pore-scale, while Darcy’s law has
nothing to do with the pore-scale scenario. In case of heterogeneous reservoirs, (a) the continuous
interconnectivity of the pore fluids through the pore spaces; (b) the dimension of the pore space with
reference to the mean free path length of the fluid molecule; (c) the presence of the adhesive forces at
the fluid-solid interface; and (d) the presence of the cohesive forces at the fluid-fluid interfaces
become very critical and sensitive; and in turn, the basis on which the treatment of a multi-phase fluid
flow system in such heterogeneous reservoirsto be under continuum concept remains highly
questionable. For describing multi-phase fluid flow, the capillary pressure; and in turn, the pressure in
the wetting phase and non-wetting phase needs to be measured typically at the pore-scale (between 1
and 100 microns), while the macroscopic-scale based Darcy’s law has nothing to do with such pore-
scale processes.In fact, the reservoir fluid properties including density, viscosity and the miscibility
are estimated at the molecular-scale, which is much lesser than the Darcy’s macroscopic-scale.
Further, the design of pore-geometry is expected to play a crucial role in the determination of the
interfacial tension associated with the contact angle and the pore-pressure. Since, we do not have an
idea about the individual void space configuration, it is not feasible to deduce the proper boundary
conditions associated with each void space; and in turn, there is no way to describe fluid flow through
a porous medium at the pore-scale as the pore path is so tortuous and complicated in nature.Further,
there is no way one can measure capillary pressure in the field as on date; and in such a scenario, the
extension of single-phase Darcy’s law to describe the multi-phase fluid flow becomes highly
guestionable. But still, these parameters are assumed to follow a piecewise continuous function of
space and time in order to attach it with the Darcy’s macroscopic-scale. Thus, in order to avoid such
pore-scale details, the Darcy-based macroscopic-law is widely used in order to describe the fluid flow
through a porous medium, where only measurable statistical reservoir rock and fluid properties are
required. In this context, understanding the extension of Darcy’s law and its associated limitations
would provide better insights towards an actual reservoir characterization.

4. DARCY’S LAW AND ITS EXTENSION

While describing Darcy’s law, it can be shown that there exists a linear relationship between the
Darcy flux and the hydraulic gradient. It should be noted that this relation has been deduced
considering the fluid flow through a porous medium that involves the complete cross sectional area in
the absence of any distinction between solid and fluid phases for describing the fluid flow. And, the
mean fluid velocity, which is supposed to occur only through a hydraulically connected set of pores is
mathematically deduced by dividing the Darcy flux with the effective reservoir porosity. It should be
clearly noted at this point that Darcy established his empirical relation that correlates the volumetric
fluid flux with the hydraulic gradient in the absence of reservoir porosity. Thus, the concept of mean
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fluid velocity was not discussed by Darcy. However, this mean fluid velocity has been experimentally
found to be highly non-uniform; and characterized by fluid acceleration/deceleration along with
significant changes in the direction of the fluid flow from its mean position. Further, the relation
between Darcy flux and the hydraulic gradient becomes very sensitive at higher fluid velocities; and
in such cases, the fluid flow could still remain laminar but the viscous forces that resist the fluid flow
need not to be predominant; and the viscous forces can be acting along either with weak or strong
inertial forces. However, it should be clearly noted that Darcy’s law is valid only for the laminar fluid
flow in the absence of any inertial forces. Thus, even, in a homogeneous and isotropic porous
medium, it is relatively easier to establish whether the fluid flow is laminar or not, but, establishing
the fluid flow to be either purely viscous forces or the viscous forces along either with weak or strong
inertial forces is relatively difficult. And, the problem becomes still more complex for a
heterogeneous porous medium. Thus, the deviation from Darcy’s law associated with higher fluid
velocities leads to a non-linear relation between volumetric fluid flow rate and the fluid velocity; and
this relation remains sensitive for the creeping flow and the turbulent fluid flows. In essence, the
linear relationship between hydraulic gradient and the fluid velocity gets broken down both at the low
Reynolds number as well as at high Reynolds number. Thus, original Darcy’s law does not include
both porosity (rock property) as well as viscosity (fluid property), and for a porous medium involving
higher fluid velocities, a possible non-linear relation can be found between Darcy flux and the
hydraulic gradient with a given diameter of the solid-grains having a respective permeability; and this
non-linear relation would remain independent of the reservoir porosity and fluid viscosity.

In analogy with Fourier’s law of heat conduction, Darcy proposed an empirical relation that linearly
connects the volumetric fluid flow rate (Q) of an incompressible fluid with that of hydraulic gradient
(). The Darcy flux (or the Darcy velocity) refers to the volumetric fluid flow rate flowing through the
entire cross sectional area of a porous medium as given in egn. (1). This Darcy flux is proportional to
the hydraulic gradient as given in eqgn. (2). The parameter C represents the coefficient of
proportionality as given in eqn. (3); and this constant is defined to be the hydraulic conductivity as
given in eqgn. (4).Eqgn. (4) establishes the relationship between two measurable parameters namely the
hydraulic gradient (I) and the Darcy velocity (Vpacy) Of the pore fluid. This empirical relation was
formulated based on the limited ranges of volumetric fluid flow rates and the pressure drops with the
assumption that there is no interaction between the fluid and solid phases within the porous media.

VDarcy = % =q (1)
VDarcy oc I (2)
VDarcy =ClI (3)
Voary =C 1 =K' for groundwater flow (4)
Q=Vpuey A=K A:K(A—thA ©)

In eqn. (5), Q represents the volumetric fluid flow rate (m*day); K represents the hydraulic
conductivity (m/day); | represents the hydraulic gradient (dimensionless); A represents the cross-
sectional area (m?) normal to the direction of fluid flow; V., represents the Darcy velocity or Darcy
flux (m/day); and Ah represents the changes in hydraulic head over a distance L. Eqns. (1) — (5)
corresponds to fluid flow through a porous medium associated with groundwater flow. If more than
one miscible fluid is present as seen in coastal aquifers, with groundwater — sea-water interaction,
then, the proportionality constant (K) is directly proportional to the fluid density and inversely
proportional to the fluid viscosity. Egn. (5) can be for such cases can be rewritten as given in eqgn. (6).

Q=Vpuey A=K | A= (mj [A—hj A (6)
Y7, L

In eqn. (6), k represents intrinsic permeability (m?); p represents the fluid density (kg/m®); W
represents the fluid viscosity (N-s/m?); and g represents the gravitational acceleration (m/s?). The
hydraulic head (h) in eqn. (6) results from Bernoulli’s equation with the assumption of insignificant
kinetic head; and the expression for the hydraulic head is given in egn. (7).
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Eqgn. (7) relates hydraulic head (h) with the fluid pressure. In egn. (7), the first term on RHS
represents the pressure head, while the second term represents the datum head, i.e., the height from a
reference. The hydraulic head (h) and the fluid potential (®) are related by acceleration gravity (g) as
shown in egn. (8). It can also be noted that the fluid always flows from high potential to low potential
regions.

@:gh:(£j+gzh (8)
P

Substituting eqn. (8) in eqgn. (6) yields the Darcy flux as function of fluid potential and the expression
for the same is given in egn. (9).

e 2 2 22
U L u L

Going back to egn. (5), there are no details about the pore-size or pore-geometry of the porous
medium associated with the K value; and the value used in eqgn. (5) represents the effective value
representative of the entire porous medium.

Egn. (5) can be modified into a differential form, when the limit of the quotient of the hydraulic head

Ah
difference over the length of flow (Tj yields the negative of the hydraulic gradient as given in eqgn.

(10).
_h(x+AX)-h(x)  dh
Lim =——
A0 AX dx (10)
Substituting egn. (10) in eqgn. (5) yields egn. (11).
Q=Vpuey A=K | A:—(@J (@j A (12)
uo)Ldx

In egn. (11), the negative sign indicates that the direction of fluid flow is just opposite to the direction
of the hydraulic gradient. In petroleum engineering, the concept of hydraulic head is not used; and
instead, the pressure head is used as the oil and fields are associated with more than one pore fluid,
unlike the single-phase groundwater flow. Eqn. (11) provided in terms of hydraulic gradient can be
replaced with the pressure gradient as given in egn. (12).

kog \( dh k(dp
=V, A=K A=—| — || — |A=—| — || — | A
Q Darcy ( ,U J(dXJ [ﬂj(dX) (12)

Eqgn. (12) can be expressed in terms of Darcy-flux (q) as expressed in egn. (13).

Qv _kio_[km)fdn)__[k}(dp
o = [ﬂ][dX) (ﬂj(dxj )

As can be seen from eqn. (13), Darcy’s law can be seen as a momentum conservation equation, where
the viscous force is being balanced by the pressure-gradient at the solid-grain — fluid boundary in the
absence of inertial and body forces under steady-state conditions. In fact, eqn. (13) represents the
momentum conservation equation for Stokes flow averaged over a Representative Elementary
Volume (REV).Along the line of differential form, Darcy’s law can also be expressed in terms of
integral form as shown in eqn. (14). In eqn. (14), the intrinsic permeability (k) is directly proportional
to the square of the mean grain size (or dyo Or dsg OF Urmean).
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Q k dp L p(L) k . k
-5 (L) aloe [ o Jow-p0) “

p(0)

q= —(ﬁj[p(L) -p(O)} q= —[Ej{%) (15)

Egn. (15) is valid for a fluid flow in the horizontal direction; and egn. (16) provides the expression for
a tilted flow for the same case.

q=- {EJ (% (9 )Z—i) (16)

Eqgn. (16) represents the fluid flow against the gravity. However, when the fluid flow is towards the
gravity, then, the sign in egn. (16) gets reversed as shown in eqn. (17).

q=- [EJ [%%pg)g—ij a7)

The above equation works well for a steady-state, slow, laminar, one-dimensional single-phase fluid
flow in a saturated homogeneous and isotropic, non-deformable porous media under isothermal
conditions. But, in reality, we require that a subsurface fluid flow be described in multi-dimensions
(2D or 3D); and for multi-phase, immiscible, compressible fluid flow in a non-homogeneous, an-
isotropic and deformable porous media under non-isothermal conditions.

In reality, the intrinsic permeability in the horizontal direction may vary as a result of large-scale
tectonic stresses, fracturing and faulting, folding and any depositional processes and in such cases, the
intrinsic permeability becomes anisotropic as against the assumed isotropic permeability; and in such
cases, eqn. (13) gets modified into the following expressions in the three principal directions are given
in egns. (18) — (20).

1 0 0 0

qx =71 kxx P k p k p (18)
U ox Yoy Yo
1 0 0 0

a,=—— | Ky @ +k,, 2, +k, — : (19)
ul "ox Yoy oz
1 ap ap op

= = |k, —+k +k
qz p 7y ay 2z 8ZJ (20)

Egns. (18) — (20) represent the tensor form of intrinsic permeability. For a single-phase fluid flow, the
term intrinsic permeability can in general be addressed as an absolute permeability. In the above
equations, for example, ks, and kyx represent different fluid flow scenarios. ky, represents the fluid
flow in x-direction due to the pressure-gradient in y-direction; and similarly, kyx represents the fluid
flow in y-direction due to the pressure-gradient in x-direction and so on. Thus, eqgns. (18) — (20) have
been deduced to characterize an anisotropic and heterogeneous reservoir by replacing the constant
intrinsic permeability with the spatially varying intrinsic permeability. In addition, if the porous
medium is deformable and the single-phase fluid of interest is compressible (for example, gas), then,

the Darcy flux (q) becomes a function of both velocity of water (V,"**") and velocity of solid (v

{along x-direction} as expressed in eqn. (21); and the hydraulic head (h) needs to be defined in terms
of Hubbert’s potential as given in eqns. (8) and (9).

SO|Id)

q _Vwater Vsolid (21)

X

If there is more than one immiscible fluid in the pore spaces as seen in a petroleum reservoir, then,
eqn. (13) slightly gets modified for the respective fluid phases as given in egn. (22) — (25).
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water _ ki\vaater dpwater (22)
I :uwater de

Q! = — ki ) dp™ (23)
I Hoil de

qoes = | K7 ][ dp* (24)
I /ugas de

It can be noted that in eqns. (22) — (24), the permeability term represents the “effective permeability”
as against the absolute permeability used in single-phase fluid flow; and this effective permeability is
a strong function of the respective fluid saturation; and it represents the product of the absolute
permeability and relative permeability as given in egn. (25).

Kk =k k (25)

absolute "relative

effective

In egn. (25), the relative permeability represents the ratio of the effective permeability of a given fluid
phase at a given saturation with reference to the absolute permeability. This relative permeability is a
function of fluid saturation, wettability, imbibition-drainage history, pore size geometry and the
distribution of the pore sizes; and thus the relative permeability directly influences the characteristics
of the pore fluids; and in turn, influences the recovery efficiency of the respective reservoir fluids.
However, there is no consensus on the unique relationship between the capillary pressure and
saturation in the context of explaining the relative permeability as there is not an explicit
consideration of specific interfacial area measured at the fluid-fluid immiscible interface. Thus, recent
developments on multi-phase fluid dynamics have emphasized that the capillary pressure needs to be
considered as a function of the interfacial tension (or “the change of interfacial free energy per unit
change in interfacial area”) rather than considering it as a simple function of wetting and non-wetting
phase fluid pressures.

At higher fluid velocities than those dealt by Darcy, the relationship between the Darcy flux and the
pressure gradient significantly deviated from linearity and the following expression considers the
pressure gradient as a function of both first and second power of Darcy flux and it is expressed in egn.
(26).

- (g—ij = (fj (Darcy_ flux) + (8 p)(Darcy _ flux ) (26)

In eqn. (26), the B-factor is supposed to describe the morphology of the porous medium, which
depends on many other parameters than porosity and permeability; and, as such there is no correlation
that can be considered to be universal. However, it should be noted that at higher fluid velocities, the
total pressure drop will result from kinetic energy loss [2" term on RHS of eqn. (26)] as well in
addition to the viscous pressure drop [1% term on RHS of eqn. (26)]. In general, the porous medium
flow can be broadly characterized by three different regimes namely Darcy, Forchheimer and
turbulent fluid flows based on the Reynolds Number (Re) as given in egn. (27).

Re = (%j 27)
7,
In eqgn. (27), q represents the Darcy flux (characteristic velocity of the porous medium), dmean
represents the mean grain size of the particle (characteristic length of the porous medium = pore size =
mean grain size). In general, the transition from Darcy to Forchheimer flow occurs, when Re roughly
exceeds unity, while the transition from Forchheimer to turbulent occurs, when Re roughly exceeds
100. In Darcy flow regime with Re < 1, the pressure drop is predominantly determined by the viscous
pressure drop. The energy dissipation is generally maximum along the narrow pore-throats resulting
from the solid-grain wall friction; otherwise, the streamlines are mostly steady and stable in this
regime. With increasing Re from unity up to 100, there will be weak inertial effect in addition to the
viscous effect. This inertial effect causes the acceleration and deceleration of the fluid particle. In
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addition, the boundary layers develop significantly in this regime, while the flow still remains
laminar. Re greater than 250 represent the laminar flow regime that is not steady, and the flow is
characterized by weak oscillations, flow separation and the formation of eddies. Re greater than 400
represents the transient flow condition that is completely chaotic in nature as the streak lines breaks
down. Thus, Re should be less than unity for the Darcy’s law to be valid.

Apart from Reynolds number, Darcy number (Da) is also used, which is defined as the ratio between
the intrinsic permeability of the reservoir to that of the square of the length-scale of the reservoir
system as expressed in eqn. (28).

k
2
In eqgn. (28), k represents the intrinsic permeability, which can be expressed as a function of porosity

as given in eqn. (29). Da increases with increasing mean grain size and pore size; and this number
should be much less than unity for Darcy’s law to be valid.

- (&j(&{ﬁ} (29)

Egn. (26) can be further modified to include the third power of the Darcy flux to include much higher
velocities as given in egn. (30).

_ (Z_D ) (fj (Darcy_ flux)l + (8 p) (Darcy _ flux)’ + ( p* )(Darcy _ flux)’ (30)

The steady-state Darcy’s equation as given in eqn. (13) has been extended to its transient form by
assuming the mean grain size of the particle to remain small so that the time-scale resulting from the
division of mean particle size (dmean) by the Darcy flux (Vparcy) also remains small. However, it is to
be noted that the time-scale over which the pressure change occurs is generally not small; and thus,
the extension of Darcy’s law to describe transient fluid flow condition also requires significant
attention.

Da= (28)

5. LIMITATIONS OF DARCY’S LAW

Based on the earlier investigations, it was felt necessary by the author to have all the possible
list of assumptions associated with Darcy’s law at one place so that the scientists working on
different applications can discuss their results, based on simplified Darcy’s law with greater
care; and it is expected that the details of the provided list of assumptions would critically
help in deducing reservoir management decisions with utmost care.

1. Darcy’s law does not describe the state of fluid flow within an individual pore.

2. Darcy’s law does not take into account the actual curvilinear path of the fluid particle with
continuously varying fluid velocity and acceleration scenario.

3. Darcy’s law represents the nature of fluid flow at the macroscopic-scale as against the
microscopic Navier-Stokes Equation (used for describing fluid flow through pipes).

4. Darcy’s law does not take into account either weak or strong inertia, leaving aside the turbulent
effect.

5. For Darcy’s law to be valid, the porous medium is supposed to be isotropic, and, in addition, the
porous medium should be averaged over the ensemble homogeneous.

6. Darcy’s law is useful only for one-dimensional fluid flow, while for describing multi-dimensional
fluid flow, the specific discharge or the Darcy flux needs to be treated as a vector quantity. In
such cases, the Darcy flux becomes a vector point function and it may vary as a function of space
and time in transient fluid flows. It can further be extended for an anisotropic system, where each
principle coordinate will have respective Darcy flux with the condition that the maximum
hydraulic-conductivity/intrinsic-permeability will be aligned perpendicular to the direction of

International Journal of Mining Science (1JMS) Page |9



An Overview on Extension and Limitations of Macroscopic Darcy’s Law for a Single and Multi-Phase
Fluid Flow through a Porous Medium

10.

11.

12.

minimum hydraulic-conductivity/intrinsic-permeability. In such anisotropic cases, the Darcy flux
vector and the lines of fluid flow will not remain perpendicular to the surfaces with the same
hydraulic head.

Darcy’s law relates volumetric fluid flow per unit cross sectional area (%j to the hydraulic

dh
gradient (d—j and not to the pressure gradient.
X

Darcy’s law relates the specific discharge (discharge per unit cross sectional area of the porous
medium without introducing the concept of effective porosity; and in turn, the effective cross
sectional area) to the gradient of the hydraulic head; and not the discharge as such.

Since, Darcy formulated the law for a steady-state fluid flow through a porous medium, the vector
forces producing or driving the fluid motion can be equated to the opposing or retarding frictional
forces; and the frictional forces opposing this fluid motion can subsequently be assumed to be
proportional to the (i) volume of the pore-fluid (Vpore); (b) the Darcy flux (Vpacy); and (c) the
dynamic viscosity (). In other words, the various forces acting on the fluid must be in balance in
the absence of fluid acceleration; and as a result, the subsequent vector sum of all these forces
must be equal to zero at all points. Thus, it is to be noted that when estimating the fluid force
normal to the cross sectional area (either on the upstream or downstream of the fluid movement),
the fluid pressure should not only be multiplied by the cross sectional area but also by the
effective porosity (dporosity). Similarly, the mass of the fluid that passes through a cross sectional
area in a porous medium, either on the upstream side or downstream side, will not only be a
function of fluid density (n) and pore-volume (Vpoe); but also will depend on the effective
porosity (dporesity)- This concept of (effective) porosity is absent in Darcy’s law.

Since, Darcy conducted his experiments in a vertical saturated soil column, the gravitational
component should have been considered explicitly as the vertical component of the gravitational
force was also present along with the velocity vector resulted from the pressure gradient in the
vertical direction of fluid flow. Thus, in this case with vertical column of experiments, two forces
are acting in the direction of fluid flow; (i) the net pressure force; and (ii) the gravitational force
that is acting (vertically downwards) in the direction of fluid flow. Since, both these forces have
been oriented in the same direction of fluid flow, they can simply be combined by the vector
addition. In addition, if the column is tilted from its vertical position, then, an explicit
gravitational component parallel to the axis of the fluid flow will also contribute to the motion of
the fluid in addition to the component resulting from pressure gradient; however, it should be
noted that the magnitude of the total gravitational force vector acting in the vertical direction
should not be considered as such. This is because the component of gravitational force normal to
the direction of fluid flow axis or parallel to the direction of cross sectional area will not
contribute to the fluid flow as this particular component will be balanced by the boundary (or
wall) static forces; and also due to the fact that the gravitational force component perpendicular to
the direction of fluid flow vector cannot provide any contribution to the dominant fluid velocity
along the flow direction. Further, if the column is horizontal, then, the gravity vector cannot have
a component normal to its original vertical direction as there is no horizontal component for gravity.

In describing Darcy’s law, “the rate of change of pressure per unit distance” (or the pressure

gradient, %) must be multiplied by “the distance over which this pressure change takes place”
(Ax), in order to obtain the actual pressure change along the direction of fluid flow. It should be
clearly noted that the negative sign associated with Darcy’s law results from the intrinsic negative
quantity of “the rate of change of pressure per unit distance” acting along the direction of fluid
flow as the fluid flows from higher potential to lower potential. In other words, the negative sign
emphasizes the fact that the frictional retarding or opposing forces will be in opposite direction to
that of the original direction of the fluid flow.

Darcy’s law does not take into account the capillary and gravity effects.
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24,

25.

26.

27.

The term “Darcy velocity” associated with Darcy’s law must be used with utmost care as Darcy’s
law relates the volumetric fluid flow per unit cross sectional area (called the Darcy flux) to the
energy consumed per unit distance by the frictional resistance.

Darcy’s original equation did not contain the pressure term as such; and it actually has the
“hydraulic head” term directly associated with it. The hydraulic head gets converted into pressure

term by applying the fundamental hydro-static principle (h = i) .
A

Darcy’s law assumes the porous medium to remain motion-less and non-deformable. The rate at
which the solid gets deformed in a porous medium is assumed to be insignificant with that of the
fluid deformation or fluid velocity. In other words, Darcy’s law describes the movement of very
slow flow of fluids in a porous medium with reference to the immobile or stationary solid-phase.

Darcy’s empirical relation does not include the tensor form of the absolute permeability; and thus,
the experimental/field validation of multi-dimensional permeability is beyond the scope of
Darcy’s law.

Darcy’s law does not implicitly contain the parameters namely intrinsic permeability (rock
property) and viscosity (fluid property); and the Darcy’s original parameter namely, the hydraulic
conductivity was later dissected into the above two components along with the gravitational
acceleration.

Darcy’s law ignores the fact the fluid flow actually takes place through preferential pathways (and
not through all the pores); and also, ignoring those area of the pore spaces, which are stagnant.

Darcy’s law is valid only for an incompressible fluid flow under non-isothermal conditions.
Darcy’s law is associated only with the steady-state fluid flow conditions.

Darcy’s law indicates that the fluid of interest in the porous medium is assumed to be under
hydrostatic conditions. Thus, it is inherently assumed that any velocity variations caused within
the fluid do not essentially dissipate any energy for a non-zero fluid viscosity’ and it is also
assumed that the movement of the fluid relative to the solid do not dissipate any energy for a non-
zero intrinsic permeability. However, it should be clearly noted that such frictionless cases cannot
be found in real reservoirs, associated with a typical porous medium.

The hydraulic conductivity term associated with Darcy’s law should be used with care for the
cases, where there are significant changes in mineral content of the fluid and/or in fluid
temperature; and in such cases, it is better to use intrinsic permeability rather than hydraulic
conductivity.

Darcy’s law does not incorporate the effects of surface tension in the context of describing multi-
phase fluid flow through porous media, however, surface tension (or interfacial tension at the
immiscible fluid-fluid interface) is the critical parameter that is used in the analysis of petroleum
production / enhanced oil recovery.

Darcy’s law assumes the fluid flow to be Newtonian on top of the fluid being incompressible; and
hence, the resultant fluid flow pattern should remain independent of the fluid flow rate and the
type of the fluid.

For non-Newtonian fluids, fluid viscosity becomes a function of applied shear rate; and in such
cases, Darcy’s law cannot be applied. Darcy did not accommodate the concept of “power law of
fluids” in his empirical relation.

Viscoelastic fluids associated with drilling technology cannot be analysed using Darcy’s law as
the pore-fluid associated with Darcy’s law should be a Newtonian fluid.

Darcy’s law does not take into account the varying cross-sectional area from the production well
(in case of radial flow); and such cases, it leads to a reduction in fluid velocity (away from the
production well) for a constant flow rate. However, Darcy’s law assumes a constant cross-
sectional area normal to the fluid flow direction. So, again, using Darcy’s law for a radial
coordinate has a serious concern.
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Darcy’s equation does not actually get into the scale of Representative Elementary Volume (REV)
as the size of the REV falls in between the micro-scale (discontinuous variable) and macro-scale
(continuous variable); and it should be noted that the REV is much smaller than the continuum
macro-scale. However, Darcy’s law is not valid at the scale of REV, while it is valid only at the
macroscopic-scale. Thus, the heterogeneities of a porous medium associated with the micro-scale
has no relevance with Darcy’s law. The situation becomes further complex for a heterogeneous
reservoir. For such heterogeneous reservoirs, the permeability must be treated as a function of the
spatial coordinates and the permeability becomes a tensor. Further, the fluid of interest may also
be heterogeneous and in such cases, the fluid properties like density and viscosity needs to be
treated as a variable. In essence, using average values of rock properties (like porosity and
permeability) for the entire reservoir will not be helpful in capturing the actual reservoir
heterogeneity using Darcy’s law.

Darcy’s law does not allow any point measurement; and the law requires the measurements to be
taken only at the macroscopic-scale, i.e., in terms of the field measurements made as volume-
averaged quantities; and not as a point measurement. However, it can be noted that it is not
practically feasible to deduce the volume-averaged velocity either by experimental investigations
or by field means.

Darcy’s law cannot be applied in the vicinity of either injection or production wells as the flow
profile becomes curvilinear; and in turn, the fluid velocity has its components in both horizontal
as well as in vertical directions. However, Darcy’s law is applied only when the fluid flow within
the reservoir is perfectly horizontal.

Darcy’s law is valid only after a threshold pressure gradient resulting from frictional effects.
Darcy’s law fails beyond the minimum and maximum limits of Reynolds number. Experimental
studies have shown the deviation of Darcy’s law at Re as low as 0.1 and at as high as 70.
However, defining the critical Re remains very challenging.

The characteristic length associated with Re is difficult to deduce, and hence, the estimation of Re
becomes challenging.

Darcy’s law remains valid for a porous system with a constant pressure drop along a given
direction in the absence of any inhomogeneous and time-dependent external forces.

Darcy’s law assumes that the fluid flow is continuous through a series of hydraulically connected
pore systems and ignores all isolated and dead-end pores.

Darcy’s law is an empirical relation and not based on classical laws; and hence, the details of the
critical porous medium parameters such as porosity, tortuosity, angularity, pore-size, pore-
packing, pore-sorting, specific surface area of the solid grains and grain size distribution are
absent in the relation.

The extended macroscopic Darcy’s law for describing multi-phase fluid flow needs to consider
the pore-scale fluid-fluid interfacial boundaries associated with the wetting non-wetting phase
fluid pressures. Hence, unlike a single-phase fluid flow, where the fluid pressureat any point in a
porous system would remain the same, in a multi-phase fluid flow, the wetting and non-wetting
phase pressures will not remain the same; and the balance between these two fluid-pressures
pertain to the capillary pressure associated with the pore-scale.

The concept of capillary pressure associated with the multi-phase fluid flow requires to be defined
at the macroscopic-scale (and not at the pore-scale) in line with macroscopic Darcy’s law.
However, this capillary pressure is a function of pore-scale parameters (and not the macroscopic
scale parameters) namely interfacial tension and the radius of the hydraulic pore throat. At the
macroscopic-scale, both wetting and non-wetting fluid phases are assumed to occupy a definite
fraction of the pore fluid volume; and the interfacial area at the fluid-fluid interface becomes an
aerial part of the 3-D pore volume at the pore-scale. Thus, it should be clearly noted that the
curvature details of the fluid-fluid interfaces present at the pore-scale are not explicitly considered
in the extended Darcy’s law at the macroscopic-scale. In addition, in reality, it is not necessary
that the shape of the fluid-fluid interface gets adjusted quickly with reference to the changes
associated with the adjacent phases; and in turn, the capillary pressure may not be in equilibrium
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as the wetting and non-wetting phase fluid pressures change dynamically. In such circumstances,
the assumption of equilibrium capillary pressure as a function of the difference between the
wetting and non-wetting fluid phase fluid pressures needs a relook.

In describing multi-phase fluid flow, the wetting phase fluid remains disconnected and immobile
from that of the mobile non-wetting phase fluid at irreducible water saturation. In such cases, the
fluid pressure difference between the wetting and non-wetting phases may not reflect the real
capillary pressure associated with the pore-scale. This capillary pressure associated with the
nearly infinite capillary pressure would play a crucial role in deciding the macroscopic behaviour
of the multi-phase fluid flow through a porous system.

The fundamental difference between single and multi-phase fluid flows arise from the fact that
there exists a fluid-fluid interface for multi-phase fluid flows, which the macroscopic Darcy’s
equation does not directly consider this interface.

In case of multi-phase fluid flow, the fluid is not only driven by the pressure gradient and
gravitational field but also by the presence of the adjacent immiscible fluid phase as well as by the
bounding interfaces. The later component is generally ignored and the conventional multi-phase
fluid flow equation does not accommodate the same.

The concept of capillary pressure associated with the multi-phase fluid flow is not only a function
of fluid saturation, while it will also depend on the drainage-imbibition hysteresis; and in turn, the
capillary pressure is no more a single valued function of the fluid saturation.

The existing multi-phase fluid flow equation assumes that the immiscible fluid-fluid interface has
already reached the stable equilibrium shape; and in turn, the capillary pressure can be estimated
as the difference between the wetting and non-wetting phase fluid pressures measured at either
side of the fluid-fluid interface. However, in reality, there can be situations where the fluid-fluid
interface does not remain at equilibrium; and it may get deformed dynamically. In such cases, the
capillary pressure is found to be a function of the rate of change of wetting-phase saturation in the
multi-phase fluid flow system. However, for an equilibrium capillary pressure, it becomes a
function of both the saturation as well as the interfacial area per unit volume. Darcy’s law does
not consider all these microscopic details.

Fluid flow through a porous medium can be characterized by three major macroscopic quantities
namely porosity, permeability and dispersivity (fluid particles gets dispersed as well), while
Darcy’s law accommodate only permeability in its empirical relation.

Darcy’s law does not consider the cumulative effect on the drag of the fluid particles associated
with the walls of the individual solid-grains.

Darcy’s law gets violated at higher fluid velocities, where the reservoir permeability varies as a
function of fluid velocity for a constant fluid viscosity.

Darcy’s law gets violated at higher fluid velocities as the proportional increase in the Darcy flux
with respect to the applied pressure gradient is actually lesser.

Even the macroscopic Darcy’s law does not define the boundary conditions at the solid walls
precisely; and in turn, it is difficult to model this problem mathematically to remain to be well-
posed.

Darcy’s law neither bother about the pore space of a porous medium explicitly nor the volume
fraction of the pore space associated with the control volume.

The permeability term present in Darcy’s equation does not vary as a function of scale.
Darcy’s law does not describe that the permeability associated with it should follow the log-
normal distribution.

The characteristic length associated with the Darcy’s law pertains to the pore size of the porous
medium, whose dimensions do not allow the fluid flow to be considered as a simple one-
dimensional flow.

The characteristic velocity associated with the Darcy’s law does not reach its maximum velocity
along the centre of the any given pore channel.
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Darcy’s law does not accommodate the fluid flow at very low pressures; and hence, this law will
not be able to take into account the slippage effect or Klinkenberg effect, where the intrinsic
permeability becomes a function of pressure.

Darcy’s law does not take into account the sensitive pore-scale detail that considers the shear
stress at the entrance and exit of a pore and the normal stress at the wall of the solid grains; and
this aspect becomes very sensitive in tight gas reservoir.

Darcy based macroscopic flow behave significantly different from the pore-scale based interstitial
flow as the viscous stresses associated with a porous medium, not only act on the pore fluids, but
rather, on the entire volumetric porous medium (that consists of both solid and liquid phases); and
in turn, the resultant viscous force should not only be associated with the pore-fluid force but as
the complete body force of the entire porous system at the macroscopic-scale. Thus, the flow may
become rotational (and not irrotational as assumed in Darcy’s law) at the pore-scale, while it is
simply conceptualized to be a potential flow at the Darcy’s macroscopic-scale.

The intrinsic permeability associated with Darcy’s law is a function of square of mean grain size,
while it is to be noted that the kinetic effect associated with the geometry of the “void” at the
pore-scale would provide better insights than considering only the mean size of the “solid” (grain)
in the permeability determination.

Darcy’s law describes single-phase fluid flow, where the estimation of resistive force is a simple
function of Darcy flux, the pressure gradient and the fluid viscosity in the absence of gravity
effects. However, in reality, the resistive force will be function of pore size & shape, pore-size
distribution and the connectivity of theses pore spaces; and thus, in reality the resistive force will
be varying as a complex function of space. In addition, when the fluid flow becomes multi-phase,
then, the estimation of resistive force will become still more complex as it will depend on the
degree of the contact of the multiple fluids with each other; the degree of contact of each fluid
with the solid; on the saturation of the individual fluid within the pore space; and on the relative
attraction of each fluid by the solid. In addition, the resistive force will differ for the porous
medium that undergoes an imbibition process (wetting of the solid-grains) from that of the porous
medium that undergoes a drainage process (drying of the solid-grains).

Darcy’s single-phase fluid flow model was extended to describe the multi-phase fluid flow, where
both the wetting-phase and non-wetting-phase relative permeability is generally assumed to be
function of wetting-phase saturation only; and this value can vary between zero at the lowest
wetting-phase saturation and unity for the 100% wetting-phase saturation (single-phase fluid
flow). Thus, it should be noted that the summation of the wetting and non-wetting phase
saturations will lead to unity, while the summation of the wetting and non-wetting phase relative
permeabilities will always remain less than unity; and it subsequently indicates that the multi-
phase fluid flow through a porous medium is associated with the reduced over-all permeability of
the porous system in comparison with that of its respective single-phase fluid flow system.

The extension of Darcy’s law in describing multi-phase fluid flow assumes the net fluid forces in
terms of pressure gradient and gravity forces associated with a particular fluid phase only (either
wetting or non-wetting); and it does not include the forces resulting from the interactions between
the solid-phase and the different fluid phases (wetting and non-wetting) concerned. For example,
the very concept of wettability, which describes the preferential attachment of the solid phase by
one of the fluid phases (interaction between solid and fluid phases; and it results in the attraction
of the wetting fluid by the solid phase; and the solid holds the wetting fluid against the
gravitational forces) is primarily missing in the conventionally used empirical relation for
describing multi-phase fluid flow.

The single-phase Darcy’s law assumes that the single-phase fluid moves in between the solid
grains; and the interface between the solid and fluid phases is immobile, while in the case of
multi-phase fluid flow, one of the immiscible fluids move in between solid and the other
immiscible fluid. Thus, the interface between the immiscible fluids within the pore space is
mobile unlike the stationary interface between the solid and fluid phases associated with the
single-phase fluid flow. It is to be noted that out of these two immiscible fluids, the non-wetting
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phase fluid is driven by the force imbalance between the pressure gradient and gravitational field
associated with this non-wetting phase, while there can be the mobility of the wetting-phase fluid
resulting from the drag of the non-wetting phase fluid; and not from the force imbalance between
the pressure gradient and gravitational field associated with the wetting phase. In other words, the
imbalance or deviation resulting from the hydrostatic pressure distribution in non-wetting phase
could cause flow of the wetting phase. And, this dragging force is absent in the conventional
multi-phase fluid flow equations. Also, the treatment of the momentum transfer between the
miscible and the immiscible fluid interfaces within the pore spaces require utmost care as the
momentum transfer associated with the fluid-fluid interface is not the same as that of the
momentum transfer associated with the solid-fluid interface.

61. The conventional equation used to describe the multi-phase fluid flow, based on the extension of
Darcy’s law does not accommodate the resistance resulting from the flow of both wetting and
non-wetting fluid phases by the solid phase apart from the resistance resulting from the changes in
fluid velocity between the two immiscible viscous fluid phases. Thus, the existing multi-phase
fluid flow equations dictate the intensity of relative permeability to be a function only of fluid
saturation, while in reality, it will also depend on whether which process (imbibition or drainage)
has actually taken place.

62. The conventional equation used to describe the multi-phase fluid flow, based on the extension of
Darcy’s law use the concept of relative permeability for wetting and non-wetting phases.
However, this relative permeability does not explicitly consider the rheology of the fluid-fluid
interface; and the intensity of viscous coupling at the fluid-fluid immiscible interface depends on
the interfacial shear viscosity. However, this effect is not given importance under general
circumstances with the assumption that the hydrodynamic interaction between wetting and non-
wetting fluid phases remain to be insignificant under dominant capillary forces at the pore-scale
with reference to the viscous forces. Thus, the existing equations for multi-phase fluid flow is
essentially described in terms of “hysteresis” as a function of the wetting and non-wetting phase
fluid pressures; the relative permeability of the wetting and non-wetting phases; and the saturation
of the wetting and non-wetting phases. This hysteresis results from the differences in wetting and
non-wetting phase fluid saturations, dictated by the migration of the immiscible fluid-fluid
interface.

63. The existing multi-phase fluid flow equations provide only one value of relative permeability for
a given fluid saturation. However, in reality, there can be more than one value of relative
permeability for a given fluid saturation, when the actual fluid saturation within the pore space is
divided into three different components namely (i) a flowing fraction of the fluid; (ii) a non-
flowing or immobile fraction connected to the flowing or mobile fraction of the fluid; and (iii) an
isolated fraction disconnected from the flowing or mobile fraction of the fluid. Thus, there cannot
be an universal unique relation for relative permeability as a function of fluid saturation only in
describing multi-phase fluid flow dynamics, while the concept of relative permeability needs to be
improved that will account for the contributions from the immobile and isolated fluid fractions
within the pore spaces, apart from the details on mobile fluid fractions.

6. CONCLUSION

The extended Darcy’s law to describe the multi-phase fluid flow at the macroscopic-scale considers
the reservoir geometric properties such as porosity, saturation and fluid-fluid interfacial area per unit
volume, while these geometric properties do not exist at the pore-scale; and in turn, there is a clear
disconnect between the existing macroscopic-based extended Darcy’s law and the actual multi-phase
fluid flow mechanisms happening at the pore-scale; and requires that modified or improved
mathematical models need to be developed to formulate the mass, momentum and energy
conservation equations at the pore-scale associated with the multi-phase fluid flow including an
explicit interface equation. It is also observed that as long as the fluid-fluid interface sustains stress;
and contributes to the dynamics of multi-phase fluid flow, there should an explicit equation for the
interface despite its massless property.

In addition, it should be clearly noted that the extended Darcy’s law pertains to the macroscopic-scale;
and in such cases, validation of macroscopic-scale modelling results using pore-scale parameters such
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as contact angle and hydraulic pore-throat radius have wrong implications as the integration of these
pore-scale parameters do not lead to extensive variables.

Since Darcy’s law is widely used in practical applications such as remediation of groundwater, oil and
gas extraction including enhanced oil recovery, thermal energy recovery from geothermal reservoirs,
subsurface disposal of nuclear wastes, CO, sequestration, flow through fractured reservoirs, shale-
gas/tight reservoirs and CBM reservoirs, there is a dire need that a mathematical model needs to be
developed that can describe both the single and multi-phase fluid flow through a porous medium at
the microscopic-scale so that the vital concepts such as pore-scale displacement efficiency used in
Enhanced Oil Recovery (EOR); nanoparticle based chemical EOR; nanoparticle based groundwater
remediation can be understood with greater significance; and in turn; it will help to improve the
reservoir/aquifer efficiency. Care should be taken that different parameters become sensitive and
dominant at various scales including nano-scale, molecular-scale, pore-scale, microscopic-scale,
macroscopic-scale, laboratory-scale, pilot-scale and field-scale, while formulating the required
mathematical model. Thus, ensuring connectivity between the mathematical models formulated at
different scales will be of prime importance in the absence of deducing the macroscopic quantities
such as pressure and temperature as the average over the microscopic-scale quantity. In fact, an
exclusive mathematical model is required that will address mass, momentum and energy
conservations within the wetting and non-wetting fluid phases as well as at the fluid-fluid interface.
The associated fluid driving mechanisms at different scales need to be deduced with greater care as it
is not always the pressure gradient (and the gravitational field) that drives the multi-phase fluid flow,
while, it can be the chemical potential as well that drives the multi-phase fluid flow at the pore-scale.
The assumption of fluid drive by the pressure gradient works well for the isothermal reservoir system;
and also for the cases, where the interaction between wetting and non-wetting phases with its
boundary remains insignificant. On the other hand, for a reservoir system with non-isothermal system;
and also for the cases, where the interaction between the wetting and non-wetting fluid phases with its
boundaries are quite sensitive, then, the fluid drive by the chemical potential will also play a crucial
role in addition to the fluid drive by the pressure gradient. Further, the local interaction between the
wetting and non-wetting phases becomes crucial, when the saturation of the wetting phase remains
lower; and when this wetting phase is present in the form of thin films within the pores, distributed
throughout the porous system. The storage and transport of mass, momentum and energy through the
fluid-fluid interface needs to be formulated in detail at the pore-scale. And finally, the mechanism of
capillary pressure at the pore-scale should be formulated as a function of pore-scale drainage-
imbibition hysteresis parameters as well in addition to the fluid phase pressures and fluid saturation.
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