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Abstract: In lattice Schrödinger picture, we study the possible effects of trans-Planckian physics on the de 

Broglie-Bohm quantum trajectory of massless conformally coupled scalar field in de Sitter space. Through de 

Broglie’s dynamics, we find that for the Corley-Jacobson type dispersion relations with quartic or sextic 

correction, there exists a transition in the evolution of the quantum trajectory from well before horizon exit to 

near horizon exit, thus providing a mechanism for generating a small cosmological constant. Comparing the 

trans-Planckian effects of both quartic and sextic corrections on the quantum trajectory, we also find that for the 

usual dispersion parameter choice, the latter is smaller than the former. Further, we calculate explicitly the finite 

vacuum energy density due to fluctuations of the inflaton field, and use the backreaction to constraint the 

magnitude of dispersion parameters. Finally, we show that during the slow-roll inflation at the grand unification 

phase transition, the reduction of the cosmological constant  depends on the choice of dispersion parameters.   

Keywords: De Broglie-Bohm quantum trajectory, conformal coupling, inflation, cosmological constant, 

trans-Planckian physics. 

 

1. INTRODUCTION 

In the standard inflationary scenario, usual realization of inflation is associated with a slow rolling 

inflaton minimally coupled to gravity [1]. Nevertheless, it is well known that the extension to the 

non-minimal coupling with the Ricci scalar curvature can soften the problem related to the small value 

of the self-coupling in the quartic potential of chaotic inflation [2].  Further, non-minimal coupling 

terms also can lead to corrections on power spectrum of primordial perturbations [3], a tiny 

tensor-to-scalar ratio [4] and non-Gaussianities [5]. Recently, it was pointed out that inflation with a 

conformally coupled inflaton can be realized as the rapid roll inflation [6, 7]. A broad class of models of 

chaotic inflation in supergravity with an arbitrary inflaton potential was also proposed. In these models 

the inflaton field is non-minimally coupled to gravity [8, 9]. 

Moreover, standard inflationary predictions can have two extensions. The first extension is associated 

with the ambiguity of initial quantum vacuum state, and the choice of initial vacuum state affects the 

predictions of inflation [10, 11]. For example, a deterministic hidden-variables theory such as the de 

Broglie-Bohm pilot-wave theory [12, 13] allows the existence of vacuum states with non-standard or 

nonequilibrium field fluctuations [14, 15], which result in statistical predictions that deviate from those 

of quantum theory in the context of inflationary cosmology [16, 17]. Recent study also shows that the 

quantum-to-classical transition of primordial cosmological perturbations can be obtained in the context 

of the de Broglie-Bohm theory [18].  

The second extension concerns the so-called trans-Planckian problem [19, 20] of whether the 

predictions of standard cosmology are insensitive to the effects of trans-Planckian physics. In fact, 

nonlinear dispersion relations such as the Corley-Jacobson (CJ) type were used to mimic the 

trans-Planckian effects on cosmological perturbations [19-21]. These CJ type dispersion relations can 

be obtained naturally from quantum gravity models such as Horava gravity [22, 23]. Moreover, in 

several approaches to quantum gravity, the phenomenon of running spectral dimension of spacetime 

from the standard value of 4 in the infrared to a smaller value in the ultraviolet is associated with 

modified dispersion relations, which also include the CJ type dispersion relations [24, 25]. These recent 

results suggest that spacetime becomes effectively two-dimensional at super-Planckian energies, and 

all particles are conformally coupled to gravity [26].        
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In the previous work [27-32] we used the lattice Schrödinger picture to study the free scalar field theory 

in de Sitter space, derived the wave functionals for the Bunch-Davies (BD) vacuum state and its excited 

states, found the trans-Planckian effects on the de Broglie-Bohm quantum trajectory of massless 

minimally coupled scalar field for the CJ type dispersion relations, and evaluated the cosmological 

constant in minimal inflation. In this paper we extend the study to the case of massless conformally 

coupled scalar field. 

The paper is organized as follows. In Section 2, the de Broglie-Bohm pilot-wave theory of a generically 

coupled scalar field in de Sitter space is briefly reviewed in the lattice Schrödinger picture, and the de 

Broglie-Bohm quantum trajectories for scalar field are given. In Section 3, we consider the massless 

conformally coupled scalar field during the slow-roll inflation, and use the CJ type dispersion relation 

with quartic or sextic correction to obtain the time evolution of the vacuum state wave functional and 

the corresponding de Broglie-Bohm quantum trajectories. In Section 4, we calculate the finite vacuum 

energy density, use the backreaction constraint to constraint the magnitude of parameters, and                                                             

evaluate the cosmological constant in conformal inflation. Finally, conclusions are presented in Section 

5. Throughout this paper we will set  =c=1. 

2. DE BROGLIE-BOHM PILOT-WAVE THEORY OF SCALAR FIELD IN SCHRÖDINGER PICTURE    

In this section, we begin by briefly reviewing how to define the de Broglie-Bohm pilot-wave theory of 

scalar field in de Sitter space in the lattice Schrödinger picture (for the details see [31]). The Lagrangian 

density for the scalar field we consider is 
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where   is a real scalar field, )(V is the potential , m  is the mass of the scalar quanta, R  is the 
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In the (1+d)-dimensional de Sitter space we have )exp()( htta  , where aah /  is the Hubble 

parameter which is a constant.  

For d=1, in the lattice Schrödinger picture, we obtain from (2) the time-dependent functional 

Schrödinger equation in momentum space  
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Here    Nl
l

/sin/2   , NW / , i.e. W is the overall comoving spatial size of lattice, 

lll
i

21
  , 

lll
ippp

21
 , 

l
p  is the conjugate momentum for 

l
 , and the subscripts 1and 2 

denote the real and imaginary parts respectively. 
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Note that (8) arises from the field quantization of the Hamiltonian (5) through the functional 

Schrödinger representation 
rlrl

  , 
rlrl

ip  / , where operators 
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  and 
rl

p  satisfy the 

equal time commutation relations [
rl

 ,
rl

p ] i . Thus (8) governs the time evolution of the state wave 

functional 
rl

 of the Hamiltonian operator 
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H  in the {
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 } representation. In terms of the 

conformal time   defined by 
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Here 
rl

  is defined by  
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prime in (12) denotes the derivative with respect to 
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excited state, mode j  is in the 
j

n  excited state, etc. For 0
rl

n , the ground state wave functional 

corresponds to the BD vacuum. For d=3, we have   222
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12 hR   and the 

mode index l  in 
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  carries labels )3,2,1,( il
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 which will be suppressed below. 

For d=3, we get from equations (3)-(8) in the continuum limit ( k
l
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which implies the continuity equation 
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and the de Broglie-Bohm velocity field 
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where   iexp . For a single mode 
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and the de Broglie-Bohm velocity field  
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Here,   is interpreted as a physical field in field configuration space, guiding the evolution of 
rk

  

through (13) and (17). Substituting (12) into (17) and using   gives  
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which yields the quantum trajectory 
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where   hakkz //   is the ratio of physical wave number akk
phys

/  to the inverse of 

Hubble radius, and C  is an integration constant. 

3. TRANS-PLANCKIAN EFFECTS 

In this section we consider the massless conformally coupled ( 2/1 ) scalar field in the slow-roll 

inflation. To study further the effects of trans-Planckian physics, we use the CJ type dispersion relations 
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where M  is a cutoff scale, s  is an integer, and 
s

b  is an arbitrary coefficient [18-20].  
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3.1. CJ Type Dispersion Relation with Quartic Correction 

We first focus on the CJ type dispersion relation (20) with 1s  and 0
1
b . Notice that this CJ type 

dispersion relation can be obtained from theories based on quantum gravity models [22-25].  

3.1.1. Evolution of Vacuum Wave Functional 

Then using ahkkz /  , (13) becomes  
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where 
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)/( Mhb , and the ground state wave functional of (21) becomes 
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In region I where Makk
phys

 / , i.e., hMz / , the dispersion relation can be approximated by 

2222
)/( zkak   , and the corresponding wave functional for the initial BD vacuum state is [31]   
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where the prime in (26) denotes the derivative with respect to 2/
2

z . 

On the other hand, in region II where Makk
phys

 / , i.e., hMz / , linear relation recovers 

22
k , and the corresponding wave functional for the non-BD vacuum state is [31]  






rk

rkkk
aBA ))(

2

1
exp()(

2
II1IIII

)0(

II

)0(
 , 

 









  constdBiA

kk
 )(

2

1
exp)(

IIII

)0(
,                                         (27) 



Jung-Jeng Huang 

 

International Journal of Advanced Research in Physical Science (IJARPS)                        Page 23 

  2
)1(

2/1

II

2

II

1

2
)1(

2/1

2
II

2

2
II

1

II

Re2

2

)(

HCCHCC

B
k
















  

 

  

  2
)1(

2/1

II

2

II

1

2
)1(

2/1

2
II

2

2
II

1

2
)1(

2/1

II

2

II

1

2
)1(

2/1

2
II

2

2
II

1

Re2

Re2

2
HCCHCC

HCCHCC
k

i


































 ,                            (28) 

where the prime in (28) denotes the derivative with respect to z , and 
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Then we have  
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3.1.2. De Broglie-Bohm Quantum Trajectory 

In Section 2, we defined the pilot-wave scalar field theory through de Broglie‟s first-order dynamics 

(13) and (17). Using the results about the evolution of vacuum wave functional in previous subsection, 
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where 
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  is given by (22)-(24) and 
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  is given by the continuum limit of (11) for 0
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n . Note 

that Bohm‟s dynamics in general yields more possible quantum trajectories than de Broglie‟s dynamics 

does [30], and this distinction between Bohm‟s and de Broglie‟s dynamics was also emphasized 

recently by Valentini [33]. This is what we expect, because Bohm regarded (39) as the law of motion, 

with the de Broglie guidance equation (17) added as a constraint on the initial momenta.  

However, recently it was pointed out that Bohm‟s dynamics is unstable. Small deviations from initial 

quantum equilibrium do not relax and instead grow with time [34]. On the other hand, de Broglie‟s 

dynamics is a tenable physical theory. Therefore, we will investigate the quantum trajectories of 

scalar field through de Broglie‟s dynamics hereafter.      
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Then we have 
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3.2.2. De Broglie-Bohm Quantum Trajectory 

In region I, from (25) and (55) we have 
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where      3623
2

3)1(

1/6
/6/11/63/ zzzzH    , and the prime in (62) denotes the 

derivative with respect to 3/
3

z .Substituting (62) into (17) and using adtd /  and 

ahkkz /   gives 

I

I
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3
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rk
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k
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 .                                                                (63)  

The general solution of (63) is 

 
I I 3 / 2ˆ( )

rk
z C z


 .                                                              (64) 

On the other hand, in region II, from (27) and (28) we have the same general solution as (48) for 

1
c

zz  

2/1IIII ˆ)(


 zCz
rk

 .                                                               (65) 

Substituting (64) and (65) into the matching condition at 
c

z  for 
I

rk
  and 

II

rk
  

CC
ZrkZrk

III

  ,                                                               (66) 

we obtain 

1III ˆˆ 


c

zCC .                                                                  (67) 

Furthermore, for 1z (near horizon exit), (46) also approximately reduces to 
)1(

2/1
H  by using (37) 

and 1
c

z , and the solution of (17) becomes 

2/1IIII ˆ)(


 zCz
rk

 .                                                              (68) 

Since for d=3 
rk

  contains a factor 
2/3

a  which is proportional to 
2/3

z , we use a field redefinition 
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rkrk
au 

2/3
 , 

1
)/(


 zhka , and (67) to rewrite (64) and (68) as 
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Thus we see from (64) and (68) that for fixed k  and 1
c

z , as z  decreases from 1
c

zz  

to 1z , the scalar field decreases from one large constant to a much smaller value which is a factor 

c
z/1  less than the field value at 

c
zz  , i.e., there exists a transition in the time evolution of the 

quantum trajectory of scalar field. 

Comparing (52) with (69) for scalar field, we find that for 1~
21

bb  ,
cc

zz  1 ,we have 

2/1IIˆ
c

zCC  , 
IIIIˆ CC   and  as z  decreases from 1

cc
zzz  to 1z , the former is 

larger than the latter by a factor 
2/1

)/(
c

zz  during the early (
c

zz  ) evolution of the quantum 

trajectory of scalar field. Therefore, if we compare the trans-Planckian effects of both quartic and 

sextic corrections on the quantum trajectory, the latter is smaller than the former. 

4. VACUUM ENERGY, BACKREACTION AND COSMOLOGICAL CONSTANT  
Using the results of Section 3, we now proceed to calculate the finite vacuum energy density, use the 

backreaction to constraint the parameters in nonlinear dispersion, and evaluate the cosmological 

constant. Note that in the slow-roll approximation, the energy density of the scalar field is )(


V , 

where the potential 
22

)(  hV  . Thus the relation between the expectation value of the vacuum 

energy density 


  and the vacuum wave functional 
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 in (22) is 
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where we use a field redefinition 
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))(Re(
1

aB
k
  denotes the real part of 

1
)(


aB

k
 , and the factor 

2/3
a  in (71) appears through the 

normalization condition 
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For 1s  and 0
1
b , in region I, we have  

2
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z . Then, 
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where hbMz
c

2/1

1
/  and hMz

Plc
/  (here 
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M 

 2/1
G

19
1022.1  GeV is the Planck 

mass) are the boundaries of the interval of integration. On the other hand, in region II, (28) can be 

expressed as 
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where 
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is defined as  
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with 
z

zH


2
)(

2
)1(

2/1
 . From (33), (37), and (38), we notice that 

md

H
)1(

2/1
 can be approximated 

by 
)1(

2/1
H  as z  decreases from 1

c
zz  to 1z (horizon exit). Then, using 

hzkha //1    and (28) in (70), we obtain 
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From (73) and (76) we have 
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For 1
c

z  and 1)/(
2/1

1
 MMb
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 , (77) becomes 
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From (78) we see that there is no back reaction problem if the energy density due to the quantum 

fluctuations of the inflaton field is smaller than that due to the inflaton potential  

)(
1




V
s




.                                                                 (79) 
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In the slow-roll approximation, using  8/3)(
22

hMV
Pl

  and (78) in (79) gives the constraint on 

the parameter 
1

b  as 

2

21

9

4
















Pl
M

M
b


. For

16
10~M GeV (the energy scale during inflation), we 

have 
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1
100.3


b . 

For 2s  and 0
2
b , in region I, we have  

2
3)1(

61/ 
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hzkha //1    and (55) in (70) we obtain 




I

2s


 




ln
4

11

4

1 24

2

24

2 c

z

z

c
zhdz

z
zh

c

c

 ,                                       (80) 

where hbMz
c

4/1

2
/  and hMz

Plc
/  are the boundaries of the interval of integration. On the 

other hand, in region II, (28) can be again expressed as (74) with 
md

H
)1(

2/1
 defined by (75). From 

(58), (62), and (63), we also notice that 
md

H
)1(

2/1
can be approximated by 
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2/1
H  as z  decreases 

from 1
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zz  to 1z .  

Then, using hzkha //1    and (55) in (70), we obtain 
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From (80) and (81) we have 
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For 1
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Moreover, we see that there is no back reaction problem if 
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.                                                                 (84) 

Using  8/3)(
22
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  and (83) in (84) gives the constraint on the parameter 
2

b  as 
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b . For 

16
10~M GeV, we have 

2
b

3
105.8


 . 



Jung-Jeng Huang 

 

International Journal of Advanced Research in Physical Science (IJARPS)                        Page 31 

Comparing (78) with (83), we find that 
 2s
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  if the inequality 
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  is satisfied. For example, the usual parameter choice 
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parameter choice 
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b  satisfies the inequality. 

In the case that 
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  is larger than 
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 , using (78) in the cosmological  constant 
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In the case that 
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  is larger than 

1s


 , using (83) in 
2
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Plvac

M  gives 
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, which is 

22
103.3  GeV

2
for 1~

2
b , 

16
10~M GeV, 

14
10~h GeV and 

23
108.2  GeV

2
 for 

2

2
10~


b , 

16
10~M GeV, 

14
10~h GeV. 

5. CONCLUSIONS   

In the lattice Schrödinger picture, we have considered the de Broglie-Bohm pilot-wave theory of a 

generically coupled free real scalar field in de Sitter space. To investigate the possible effects of 

trans-Planckian physics on the quantum trajectory of the vacuum state of scalar field, we focused on the 

massless conformally coupled scalar field in the slow-roll inflation, and considered the CJ type 

dispersion relation with quartic or sextic correction. 

We find that there exists a transition in the evolution of the quantum trajectory from well before horizon 

exit to near horizon exit, providing a possible mechanism for generating a small cosmological constant. 

Moreover, we find that for the usual dispersion parameter choice, if we compare the trans-Planckian 

effects of both quartic and sextic corrections on the quantum trajectory, the latter is much smaller than 

the former. Note that these results about the quantum trajectory also appeared in the case of massless 

minimally coupled scalar field for CJ type dispersion relations with quartic or sextic corrections [32]. 

Finally, we calculate explicitly the finite vacuum energy density due to fluctuations of the inflaton field, 

use the backreaction to constraint the magnitude of parameters in nonlinear dispersion relation, and 

show how the corresponding cosmological constant reduces during the slow-roll inflation at the grand 

unification phase transition.  
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